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Abstract: We establish that many fundamental concepts and techniques in quantum field
theory and collider physics can be naturally understood and unified through a simple new
geometric language. The idea is to equip the space of collider events with a metric, from
which other geometric objects can be rigorously defined. Our analysis is based on the energy
mover’s distance, which quantifies the “work” required to rearrange one event into another.
This metric, which operates purely at the level of observable energy flow information, allows
for a clarified definition of infrared and collinear safety and related concepts. A number
of well-known collider observables can be exactly cast as the minimum distance between
an event and various manifolds in this space. Jet definitions, such as exclusive cone and
sequential recombination algorithms, can be directly derived by finding the closest few-particle
approximation to the event. Several area- and constituent-based pileup mitigation strategies
are naturally expressed in this formalism as well. Finally, we lift our reasoning to develop
a precise distance between theories, which are treated as collections of events weighted by
cross sections. In all of these various cases, a better understanding of existing methods in our
geometric language suggests interesting new ideas and generalizations.
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1 Introduction
Unification of ideas in physics has been an important way of achieving elegance, clarity, and
simplicity, which in turn helps inspire meaningful new developments. In this paper, we use
the energy mover’s distance (EMD) between collider events [1] to provide a natural geometric
language that unifies many important concepts and techniques in quantum field theory and
collider physics from the past five decades. Furthermore, we introduce and discuss several
new ideas inspired by this geometric approach to studying the space of events.
Throughout this paper, we refer to an event and its energy flow interchangeably. The
energy flow, or distribution of energy, is the kinematic information that is experimentally ob-
servable and perturbatively well-defined in quantum field theories with massless particles [2].
As it relates to collider physics, the energy flow has been extensively studied [2–17], and this
paper builds on many of these previous concepts. For an event consisting of M particles with
positive energies Ei and angular directions nˆi, the energy flow is:
E(nˆ) =
M∑
i=1
Ei δ(nˆ− nˆi). (1.1)
Note that the energy flow is insensitive to charge and flavor information. Particles are taken
to be massless in the body of this paper, with nµi = (1, nˆi)
µ = pµi /Ei, and the case of massive
particles is discussed in App. A. In a hadron collider context, particle transverse momenta
pT,i are typically used in place of particle energies, but we focus on energies in this paper to
minimize extraneous notation.
The EMD was introduced in Ref. [1] as a metric between events. It is based on the
well-known earth mover’s distance [18–22], also known as the Wasserstein metric [23, 24].
Intuitively, the EMD between two events is the amount of “work” required to rearrange one
event to the other. Its value can be obtained by solving the following optimal transport
problem between energy flows E and E ′:
EMDβ,R(E , E ′) = min{fij≥0}
M∑
i=1
M ′∑
j=1
fij
(
θij
R
)β
+
∣∣∣∣∣∣
M∑
i=1
Ei −
M ′∑
j=1
E′j
∣∣∣∣∣∣ , (1.2)
M∑
i=1
fij ≤ E′j ,
M ′∑
j=1
fij ≤ Ei,
M∑
i=1
M ′∑
j=1
fij = min
 M∑
i=1
Ei,
M ′∑
j=1
E′j
 , (1.3)
where θij is a pairwise distance between particles known as the ground metric, R > 0 is a
parameter controlling the tradeoff between transporting energy and destroying it, and β > 0
is an angular weighting exponent.1 For the angular metric between two massless particles,
1 Strictly speaking, for the case of β > 1, one must raise the first term in Eq. (1.2) to the 1/β power for
the EMD to be a proper metric satisfying the triangle inequality, in which case it is known as a p-Wasserstein
metric with p = β. Additionally, 2R should be larger than or equal to the maximum distance in the ground
space for the EMD to satisfy the triangle inequality. When written without subscripts, EMD(E , E ′) refers to
the case of β = 1 and a sufficiently large R to ensure that we have a proper metric. Even if the EMD is not a
proper metric, though, it is still a valid optimal transport problem for any positive values of β and R.
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Figure 1: An illustration of the space of events. Each point in the space is a collider
event consisting of the particles produced in a collision, as indicated by the blue event. The
distance between events is quantified by the EMD, giving rise to a metric space. Geometry
in this abstract space of events provides a natural language to understand many ideas and
developments in quantum field theory and collider physics.
we focus on the case of
θij =
√
2nµi njµ =
√
2(1− nˆi · nˆj), (1.4)
which reduces to their opening angle in the nearby limit.2 The first term in Eq. (1.2) quantifies
the difference in radiation patterns while the second term, which vanishes in the case of
normalized energy flows, allows for the comparison of events with different total energies.
The constraints in Eq. (1.3) specify that the amount of energy moved to or from a particle
cannot exceed its initial energy, and that as much energy must be moved as possible.
The EMD has previously been used to bound modifications to infrared- and collinear-
safe (IRC-safe) observables, distinguish different types of jets, and enable visualizations of
the space of events [1]. It has also been used to explore the space of jets and quantify
detector effects with CMS Open Data from the Large Hadron Collider (LHC) [25]. Alternative
pairwise event distances were considered in Ref. [26] in the context of new physics searches.
Here, we demonstrate that the EMD can be used to clarify numerous concepts throughout
quantum field theory and collider physics using a unified language of event space geometry.
2Many modifications to this EMD definition are possible, including alternative angular distances such as
strict opening angle or rapidity-azimuth distance as well as alternative notions of energy such as transverse
momentum. In addition, energies can be normalized by dividing by their total scalar sum so that energy flows
become proper probability distributions. If desired, the EMD in the center-of-mass frame can be phrased in
a manifestly Lorentz-invariant way by replacing the particle energies Ei with p
µ
i Pµ/
√
PµPµ, where Pµ is the
total event four-momentum.
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In addition to demonstrating how concepts such as IRC safety, observables, jet finding, and
pileup subtraction are related, we will develop new ideas and techniques in each of these
areas, which we describe below.
Equipping collider events with a metric allows us to explore interesting geometric and
topological ideas in the space of events. Fig. 1 illustrates the space of events with the EMD as
a metric. One key construction for relating these concepts is the notion of a manifold in the
space of events, which will allow us to define the distance between an event and a manifold,
as well as the point of closest approach on a manifold. Since fixed-order perturbation theory
works with a definite number of particles, an important type of manifold will be the idealized
massless N -particle manifold:
PN =
{
N∑
i=1
Ei δ(nˆ− nˆi)
∣∣∣∣∣ Ei ≥ 0
}
, (1.5)
which, intuitively, is the set of all possible events with N massless particles. Note that
PN ⊃ PN−1 ⊃ · · · P2 ⊃ P1 ⊃ P0 via soft and collinear limits, so that the idealized N -particle
manifold contains each manifold of smaller particle multiplicity.
The key concepts unified in this paper are outlined and summarized in Table 1. In
Sec. 2, we discuss observables as functions defined on event radiation patterns and IRC safety
as smoothness in the space of energy flows. Colloquially, the label “IRC safe” indicates
that an observable should be well-defined and calculable in perturbation theory [27, 28]
due to its robustness to long-distance effects (e.g. hadronization in the case of QCD). This
“perturbatively accessible” IRC safety is traditionally connected to the observable being
“insensitive” to the addition of low energy particles or collinear splittings of particles [29–36].
Here, we refine the definition of IRC safety and clarify when discontinuities in an observable
spoil its perturbative calculability. Critical to our formulation is the notion of continuity with
respect to the metric topology provided by the EMD:
Definition 1. An observable O is EMD continuous at an event E if, for any  > 0, there
exists a δ > 0 such that for all events E ′:
EMD(E , E ′) < δ =⇒ |O(E)−O(E ′)| < . (1.6)
We argue that IRC safety is EMD continuity everywhere except a negligible set of events,
where a negligible set is one that contains no EMD balls of non-zero radius. Using the EMD
provides a definition of IRC safety that does not refer to particles directly, which circumvents
many pathologies of previous definitions. We argue that observables that are calculable in
fixed-order perturbation are exactly those that satisfy a slightly stronger continuity condition
known as Ho¨lder continuity [62, 63], which restricts the types of divergences that can appear
in the distribution of an observable [32, 36]. Fascinatingly, this framework naturally accom-
modates Sudakov-safe observables [37–39] as those that are IRC safe but fail to satisfy EMD
Ho¨lder continuity on a non-negligible subset of some PN (where a non-negligible subset of
– 4 –
Sec. Concept Equation Illustration
E
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Collinear Safety |O(E)−O(E ′)| < 
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<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>
O
<latexit sha1_base64="JlQAED8xBMOW3AdyPm+2eCE6Nbc=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaegRl3gLePFmBLNAEkJPpydp0tMzdPcIw5C7P+BV/8CbePU3/AG/w86iGNEHBY/3qqiq58eCa4Pxu5NbWFxaXsmvFtbWNza3its7dR0lirIajUSkmj7RTHDJaoYbwZqxYiT0BWv4w8ux37hjSvNI3po0Zp2Q9CUPOCXGSq12SMyAEpFdj7rFEnZPsXdx5iHs4gnQt+LNlFJlDyaodosf7V5Ek5BJQwXRuuXh2HQyogyngo0K7USzmNAh6bOWpZKETHeyyckjdGiVHgoiZUsaNFF/TmQk1DoNfds5PlH/9sbiX14rMUG5k3EZJ4ZJOl0UJAKZCI3/Rz2uGDUitYRQxe2tiA6IItTYlOa2BCyVYTwq2GC+vkf/k/qx62HXuzkpVcrThCAP+3AAR+DBOVTgCqpQAwoRPMAjPDn3zrPz4rxOW3PObGYX5uC8fQKxqppZ</latexit><latexit sha1_base64="JlQAED8xBMOW3AdyPm+2eCE6Nbc=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaegRl3gLePFmBLNAEkJPpydp0tMzdPcIw5C7P+BV/8CbePU3/AG/w86iGNEHBY/3qqiq58eCa4Pxu5NbWFxaXsmvFtbWNza3its7dR0lirIajUSkmj7RTHDJaoYbwZqxYiT0BWv4w8ux37hjSvNI3po0Zp2Q9CUPOCXGSq12SMyAEpFdj7rFEnZPsXdx5iHs4gnQt+LNlFJlDyaodosf7V5Ek5BJQwXRuuXh2HQyogyngo0K7USzmNAh6bOWpZKETHeyyckjdGiVHgoiZUsaNFF/TmQk1DoNfds5PlH/9sbiX14rMUG5k3EZJ4ZJOl0UJAKZCI3/Rz2uGDUitYRQxe2tiA6IItTYlOa2BCyVYTwq2GC+vkf/k/qx62HXuzkpVcrThCAP+3AAR+DBOVTgCqpQAwoRPMAjPDn3zrPz4rxOW3PObGYX5uC8fQKxqppZ</latexit><latexit sha1_base64="JlQAED8xBMOW3AdyPm+2eCE6Nbc=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaegRl3gLePFmBLNAEkJPpydp0tMzdPcIw5C7P+BV/8CbePU3/AG/w86iGNEHBY/3qqiq58eCa4Pxu5NbWFxaXsmvFtbWNza3its7dR0lirIajUSkmj7RTHDJaoYbwZqxYiT0BWv4w8ux37hjSvNI3po0Zp2Q9CUPOCXGSq12SMyAEpFdj7rFEnZPsXdx5iHs4gnQt+LNlFJlDyaodosf7V5Ek5BJQwXRuuXh2HQyogyngo0K7USzmNAh6bOWpZKETHeyyckjdGiVHgoiZUsaNFF/TmQk1DoNfds5PlH/9sbiX14rMUG5k3EZJ4ZJOl0UJAKZCI3/Rz2uGDUitYRQxe2tiA6IItTYlOa2BCyVYTwq2GC+vkf/k/qx62HXuzkpVcrThCAP+3AAR+DBOVTgCqpQAwoRPMAjPDn3zrPz4rxOW3PObGYX5uC8fQKxqppZ</latexit><latexit sha1_base64="k+N7KHLY5UUKWbQWqsB+1pTchnk=">AAACBnicdVDLSsNAFJ34rPVVdelmsAiuQiI+6q7gxp0V7APSUCbTSTt0MhNmJkII2fsDbvUP3Ilbf8Mf8DuctFGs6IELh3Pu5d57gphRpR3n3VpYXFpeWa2sVdc3Nre2azu7HSUSiUkbCyZkL0CKMMpJW1PNSC+WBEUBI91gcln43TsiFRX8Vqcx8SM04jSkGGkjef0I6TFGLLvOB7W6Y5867sWZCx3bmQJ+K26p1EGJ1qD20R8KnESEa8yQUp7rxNrPkNQUM5JX+4kiMcITNCKeoRxFRPnZ9OQcHhplCEMhTXENp+rPiQxFSqVRYDqLE9VvrxD/8rxEhw0/ozxONOF4tihMGNQCFv/DIZUEa5YagrCk5laIx0girE1Kc1tCkvIozqsmmK/v4f+kc2y7ju3enNSbjTKiCtgHB+AIuOAcNMEVaIE2wECAB/AInqx769l6sV5nrQtWObMH5mC9fQI4/poF</latexit>
3 Observables O(E) = min
E ′∈M
EMD(E , E ′)
3.1 Event Shapes [40–45]
3.2 Jet Shapes [46–48]
J
<latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="mkvvNO5IlOBoVho0vevrWglo9yk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFN+Kqgn1AGspkOmmHziPMTIQQsvcH3OofuBO3/oY/4Hc4aStYHwcuHM65l3vvCWNGtXHdd6e0srq2vlHerGxt7+zuVfcPulomCpMOlkyqfog0YVSQjqGGkX6sCOIhI71weln4vTuiNJXi1qQxCTgaCxpRjIyV/AFHZoIRy67zYbXm1i8argX8Tby6O0MNLNAeVj8GI4kTToTBDGnte25sggwpQzEjeWWQaBIjPEVj4lsqECc6yGYn5/DEKiMYSWVLGDhTv09kiGud8tB2Fifqn14h/uX5iYmaQUZFnBgi8HxRlDBoJCz+hyOqCDYstQRhRe2tEE+QQtjYlJa2RCQVPM4rNpiv7+H/pHtW99y6d3NeazUXEZXBETgGp8ADDdACV6ANOgADCR7AI3hy7p1n58V5nbeWnMXMIViC8/YJN4SaBA==</latexit>
PN
<latexit sha1_base64="S2WUimDJBNXM1022st+tc8cbSz0=">AAACCHicdVDLSgMxFL3js9ZXfezcBIvgqmS0VbsruHElFawttEPJpBkNZjJjkhHKMD/gD7jVP3Anbv0Lf8DvMDNVUNEDgcM593JPjh8Lrg3Gb87U9Mzs3Hxpoby4tLyyWllbv9BRoijr0EhEqucTzQSXrGO4EawXK0ZCX7Cuf32c+91bpjSP5LkZx8wLyaXkAafEWMkbhMRcUSLSdjY8HVaquNbAbrPRRBOyjy3Bbv2wcYDcGi5QbW1Cgfaw8j4YRTQJmTRUEK37Lo6NlxJlOBUsKw8SzWJCr8kl61sqSci0lxahM7RjlREKImWfNKhQv2+kJNR6HPp2Mg+pf3u5+JfXT0xw5KVcxolhkk4OBYlAJkJ5A2jEFaNGjC0hVHGbFdErogg1tqcfVwI2lmGclW0xX79H/5OLvZqLa+5Zvdo6mjQEJdiCbdgFFw6hBSfQhg5QuIF7eIBH5855cp6dl8nolPO5swE/4Lx+AEJLmzU=</latexit><latexit sha1_base64="S2WUimDJBNXM1022st+tc8cbSz0=">AAACCHicdVDLSgMxFL3js9ZXfezcBIvgqmS0VbsruHElFawttEPJpBkNZjJjkhHKMD/gD7jVP3Anbv0Lf8DvMDNVUNEDgcM593JPjh8Lrg3Gb87U9Mzs3Hxpoby4tLyyWllbv9BRoijr0EhEqucTzQSXrGO4EawXK0ZCX7Cuf32c+91bpjSP5LkZx8wLyaXkAafEWMkbhMRcUSLSdjY8HVaquNbAbrPRRBOyjy3Bbv2wcYDcGi5QbW1Cgfaw8j4YRTQJmTRUEK37Lo6NlxJlOBUsKw8SzWJCr8kl61sqSci0lxahM7RjlREKImWfNKhQv2+kJNR6HPp2Mg+pf3u5+JfXT0xw5KVcxolhkk4OBYlAJkJ5A2jEFaNGjC0hVHGbFdErogg1tqcfVwI2lmGclW0xX79H/5OLvZqLa+5Zvdo6mjQEJdiCbdgFFw6hBSfQhg5QuIF7eIBH5855cp6dl8nolPO5swE/4Lx+AEJLmzU=</latexit><latexit sha1_base64="S2WUimDJBNXM1022st+tc8cbSz0=">AAACCHicdVDLSgMxFL3js9ZXfezcBIvgqmS0VbsruHElFawttEPJpBkNZjJjkhHKMD/gD7jVP3Anbv0Lf8DvMDNVUNEDgcM593JPjh8Lrg3Gb87U9Mzs3Hxpoby4tLyyWllbv9BRoijr0EhEqucTzQSXrGO4EawXK0ZCX7Cuf32c+91bpjSP5LkZx8wLyaXkAafEWMkbhMRcUSLSdjY8HVaquNbAbrPRRBOyjy3Bbv2wcYDcGi5QbW1Cgfaw8j4YRTQJmTRUEK37Lo6NlxJlOBUsKw8SzWJCr8kl61sqSci0lxahM7RjlREKImWfNKhQv2+kJNR6HPp2Mg+pf3u5+JfXT0xw5KVcxolhkk4OBYlAJkJ5A2jEFaNGjC0hVHGbFdErogg1tqcfVwI2lmGclW0xX79H/5OLvZqLa+5Zvdo6mjQEJdiCbdgFFw6hBSfQhg5QuIF7eIBH5855cp6dl8nolPO5swE/4Lx+AEJLmzU=</latexit><latexit sha1_base64="XRFGeT5wxbjFGX0jGdNJkkuvYHw=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4GjLa2nZXcONKKtgHtEPJpJk2NJMZk4xQhvkBf8Ct/oE7cetf+AN+h5m2ghU9EDiccy/35HgRZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVuFsSS0RUIeyq6HFeVM0JZmmtNuJCkOPE473uQy8zv3VCoWils9jagb4JFgPiNYG8ntB1iPCeZJMx1cD4olZFeQU6/U4ZycI0OQU65WLqBjoxlKYIHmoPjZH4YkDqjQhGOleg6KtJtgqRnhNC30Y0UjTCZ4RHuGChxQ5Saz0Ck8McoQ+qE0T2g4U39uJDhQahp4ZjILqX57mfiX14u1X3MTJqJYU0Hmh/yYQx3CrAE4ZJISzaeGYCKZyQrJGEtMtOlp6YpPpyKI0oIp5vv38H/SPrMdZDs35VKjtqgoD47AMTgFDqiCBrgCTdACBNyBR/AEnq0H68V6td7mozlrsXMIlmC9fwHJkJrh</latexit>
E
<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>
4 Jets J (E) = arg min
J∈PN
EMD(E ,J )
4.1 Cone Finding [49, 50]
4.2 Seq. Rec. [51–54]
EC
<latexit sha1_base64="+aBHYQ3hZHNnouMowuijH5pgOPQ=">AAACCHicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXKILLCvYBbSiT6aQdOpnEmYlQQn7AH3Crf+BO3PoX/oDf4aRVsD4ODBzOuZd75vgxZ0o7zptVWFpeWV0rrpc2Nre2d8q7e20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JNG7nduqVQsEtd6GlMvxCPBAkawNpLXD7EeE8zTi2zQGJQrjn1edQzQb+LazgyV+gHM0ByU3/vDiCQhFZpwrFTPdWLtpVhqRjjNSv1E0RiTCR7RnqECh1R56Sx0ho6NMkRBJM0TGs3U7xspDpWahr6ZzEOqn14u/uX1Eh3UvJSJONFUkPmhIOFIRyhvAA2ZpETzqSGYSGayIjLGEhNtelq4EtCpCOOsZIr5+j36n7RPbdex3auzSr02bwiKcAhHcAIuVKEOl9CEFhC4gXt4gEfrznqynq2X+WjB+tzZhwVYrx/90ZsJ</latexit><latexit sha1_base64="+aBHYQ3hZHNnouMowuijH5pgOPQ=">AAACCHicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXKILLCvYBbSiT6aQdOpnEmYlQQn7AH3Crf+BO3PoX/oDf4aRVsD4ODBzOuZd75vgxZ0o7zptVWFpeWV0rrpc2Nre2d8q7e20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JNG7nduqVQsEtd6GlMvxCPBAkawNpLXD7EeE8zTi2zQGJQrjn1edQzQb+LazgyV+gHM0ByU3/vDiCQhFZpwrFTPdWLtpVhqRjjNSv1E0RiTCR7RnqECh1R56Sx0ho6NMkRBJM0TGs3U7xspDpWahr6ZzEOqn14u/uX1Eh3UvJSJONFUkPmhIOFIRyhvAA2ZpETzqSGYSGayIjLGEhNtelq4EtCpCOOsZIr5+j36n7RPbdex3auzSr02bwiKcAhHcAIuVKEOl9CEFhC4gXt4gEfrznqynq2X+WjB+tzZhwVYrx/90ZsJ</latexit><latexit sha1_base64="+aBHYQ3hZHNnouMowuijH5pgOPQ=">AAACCHicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXKILLCvYBbSiT6aQdOpnEmYlQQn7AH3Crf+BO3PoX/oDf4aRVsD4ODBzOuZd75vgxZ0o7zptVWFpeWV0rrpc2Nre2d8q7e20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JNG7nduqVQsEtd6GlMvxCPBAkawNpLXD7EeE8zTi2zQGJQrjn1edQzQb+LazgyV+gHM0ByU3/vDiCQhFZpwrFTPdWLtpVhqRjjNSv1E0RiTCR7RnqECh1R56Sx0ho6NMkRBJM0TGs3U7xspDpWahr6ZzEOqn14u/uX1Eh3UvJSJONFUkPmhIOFIRyhvAA2ZpETzqSGYSGayIjLGEhNtelq4EtCpCOOsZIr5+j36n7RPbdex3auzSr02bwiKcAhHcAIuVKEOl9CEFhC4gXt4gEfrznqynq2X+WjB+tzZhwVYrx/90ZsJ</latexit><latexit sha1_base64="CXHkSvLg82HqoJ4onWOoDTZFRko=">AAACCHicdVDLSsNAFJ3UV62vqks3g0VwVRIRWneFIrisYB/QhjKZ3rRDJ5M4MxFCyA/4A271D9yJW//CH/A7nLQVrI8DA4dz7uWeOV7EmdK2/W4VVlbX1jeKm6Wt7Z3dvfL+QUeFsaTQpiEPZc8jCjgT0NZMc+hFEkjgceh602bud+9AKhaKG51E4AZkLJjPKNFGcgcB0RNKeHqZDZvDcsWuXtRsA/ybOFV7hgpaoDUsfwxGIY0DEJpyolTfsSPtpkRqRjlkpUGsICJ0SsbQN1SQAJSbzkJn+MQoI+yH0jyh8Uz9vpGSQKkk8MxkHlL99HLxL68fa7/upkxEsQZB54f8mGMd4rwBPGISqOaJIYRKZrJiOiGSUG16WrriQyKCKCuZYr5+j/8nnbOqY1ed6/NKo76oqIiO0DE6RQ6qoQa6Qi3URhTdogf0iJ6se+vZerFe56MFa7FziJZgvX0ChSWatQ==</latexit>
U
<latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="mLPVFXE76qSokMb3S8pdhR3NoWo=">AAACBnicdVDLSsNAFJ34rPVVdelmsAiuQiJC667gxmUF0xbSUibTSTt0HmFmIoSQvT/gVv/Anbj1N/wBv8NJW8H6OHDhcM693HtPlDCqjee9Oyura+sbm5Wt6vbO7t5+7eCwo2WqMAmwZFL1IqQJo4IEhhpGeokiiEeMdKPpVel374jSVIpbkyVkwNFY0JhiZKwU9jkyE4xYHhTDWt1zLxueBfxNfNeboQ4WaA9rH/2RxCknwmCGtA59LzGDHClDMSNFtZ9qkiA8RWMSWioQJ3qQz04u4KlVRjCWypYwcKZ+n8gR1zrjke0sT9Q/vVL8ywtTEzcHORVJaojA80VxyqCRsPwfjqgi2LDMEoQVtbdCPEEKYWNTWtoSk0zwpKjaYL6+h/+Tzrnre65/c1FvNRcRVcAxOAFnwAcN0ALXoA0CgIEED+ARPDn3zrPz4rzOW1ecxcwRWILz9glJF5oP</latexit>
E
<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>
⌦+
⇢U
<latexit sha1_base64="fxRmpP5XOV2+GKCKr9G7+WlrlQQ="></latexit><latexit sha1_base64="fxRmpP5XOV2+GKCKr9G7+WlrlQQ="></latexit><latexit sha1_base64="fxRmpP5XOV2+GKCKr9G7+WlrlQQ="></latexit><latexit sha1_base64="UXvmy5Fbc16aSrsm+5ejrZKkU24="></latexit>
⇢U
<latexit sha1_base64="/+kPAMWODStTEx/ScQdGpzDOJVc=">AAACEHicdVDLSsNAFL3xWesrWnduBovgQkoiQuuu4MZlBfuAJpTJdNIOnUzCzEQIIT/hD7jVP3Anbv0Df8DvcNoqWB8HBg7n3Ms9c4KEM6Ud581aWl5ZXVsvbZQ3t7Z3du29/Y6KU0lom8Q8lr0AK8qZoG3NNKe9RFIcBZx2g8nl1O/eUqlYLG50llA/wiPBQkawNtLArnhyHCPvFHkR1mOCed4uBnbVqV3UHQP0m7g1Z4Zq8wBmaA3sd28YkzSiQhOOleq7TqL9HEvNCKdF2UsVTTCZ4BHtGypwRJWfz8IX6NgoQxTG0jyh0Uz9vpHjSKksCszkNKL66U3Fv7x+qsOGnzORpJoKMj8UphzpGE2bQEMmKdE8MwQTyUxWRMZYYqJNXwtXQpqJKCnKppiv36P/Sees5jo19/q82mzMG4ISHMIRnIALdWjCFbSgDQQyuIcHeLTurCfr2XqZjy5ZnzsVWID1+gFn8Z1R</latexit><latexit sha1_base64="/+kPAMWODStTEx/ScQdGpzDOJVc=">AAACEHicdVDLSsNAFL3xWesrWnduBovgQkoiQuuu4MZlBfuAJpTJdNIOnUzCzEQIIT/hD7jVP3Anbv0Df8DvcNoqWB8HBg7n3Ms9c4KEM6Ud581aWl5ZXVsvbZQ3t7Z3du29/Y6KU0lom8Q8lr0AK8qZoG3NNKe9RFIcBZx2g8nl1O/eUqlYLG50llA/wiPBQkawNtLArnhyHCPvFHkR1mOCed4uBnbVqV3UHQP0m7g1Z4Zq8wBmaA3sd28YkzSiQhOOleq7TqL9HEvNCKdF2UsVTTCZ4BHtGypwRJWfz8IX6NgoQxTG0jyh0Uz9vpHjSKksCszkNKL66U3Fv7x+qsOGnzORpJoKMj8UphzpGE2bQEMmKdE8MwQTyUxWRMZYYqJNXwtXQpqJKCnKppiv36P/Sees5jo19/q82mzMG4ISHMIRnIALdWjCFbSgDQQyuIcHeLTurCfr2XqZjy5ZnzsVWID1+gFn8Z1R</latexit><latexit sha1_base64="/+kPAMWODStTEx/ScQdGpzDOJVc=">AAACEHicdVDLSsNAFL3xWesrWnduBovgQkoiQuuu4MZlBfuAJpTJdNIOnUzCzEQIIT/hD7jVP3Anbv0Df8DvcNoqWB8HBg7n3Ms9c4KEM6Ud581aWl5ZXVsvbZQ3t7Z3du29/Y6KU0lom8Q8lr0AK8qZoG3NNKe9RFIcBZx2g8nl1O/eUqlYLG50llA/wiPBQkawNtLArnhyHCPvFHkR1mOCed4uBnbVqV3UHQP0m7g1Z4Zq8wBmaA3sd28YkzSiQhOOleq7TqL9HEvNCKdF2UsVTTCZ4BHtGypwRJWfz8IX6NgoQxTG0jyh0Uz9vpHjSKksCszkNKL66U3Fv7x+qsOGnzORpJoKMj8UphzpGE2bQEMmKdE8MwQTyUxWRMZYYqJNXwtXQpqJKCnKppiv36P/Sees5jo19/q82mzMG4ISHMIRnIALdWjCFbSgDQQyuIcHeLTurCfr2XqZjy5ZnzsVWID1+gFn8Z1R</latexit><latexit sha1_base64="EAx7R1hU5g++BjQNL9GmohFPTek=">AAACEHicdVDLSsNAFJ34rPUV7dLNYBFcSEhEaN0V3LisYNpCE8pkOmmHzkzCzEQIIT/hD7jVP3Anbv0Df8DvcPoQrI8DA4dz7uWeOVHKqNKu+26trK6tb2xWtqrbO7t7+/bBYUclmcTExwlLZC9CijAqiK+pZqSXSoJ4xEg3mlxN/e4dkYom4lbnKQk5GgkaU4y0kQZ2LZDjBAZnMOBIjzFihV8O7LrrXDZcA/ibeI47Qx0s0B7YH8EwwRknQmOGlOp7bqrDAklNMSNlNcgUSRGeoBHpGyoQJyosZuFLeGKUIYwTaZ7QcKZ+3ygQVyrnkZmcRlQ/van4l9fPdNwMCyrSTBOB54fijEGdwGkTcEglwZrlhiAsqckK8RhJhLXpa+lKTHLB07Jqivn6PfyfdM4dz3W8m4t6q7moqAKOwDE4BR5ogBa4Bm3gAwxy8AAewZN1bz1bL9brfHTFWuzUwBKst0/vNpz9</latexit>
⌦
<latexit sha1_base64="tyXTA8t8OUB25gk2Zc5rUSHEt6k=">AAACAXicdVDLSgNBEOz1bXzFx83LYBA8hd0kkngLePFmBBOFJMjspDcZMzO7zMwKIeTkD3jVP/AmXv0Sf8DvcJIoGNGChqKqm+6uMBHcWN9/9+bmFxaXlldWM2vrG5tb2e2dholTzbDOYhHr65AaFFxh3XIr8DrRSGUo8Crsn479qzvUhsfq0g4SbEvaVTzijFonNVrnErv0Jpvz8+WTcrFSIFMSnDhS8Qul4yIJ8v4EueoeTFC7yX60OjFLJSrLBDWmGfiJbQ+ptpwJHGVaqcGEsj7tYtNRRSWa9nBy7YgcOqVDoli7UpZM1J8TQyqNGcjQdUpqe+a3Nxb/8pqpjSrtIVdJalGx6aIoFcTGZPw66XCNzIqBI5Rp7m4lrEc1ZdYFNLMlwoGSySjjgvn+nvxPGoV84OeDi1KuejRNCFZgHw7gCAIoQxXOoAZ1YHALD/AIT9699+y9eK/T1jnva2YXZuC9fQKmmZgR</latexit><latexit sha1_base64="tyXTA8t8OUB25gk2Zc5rUSHEt6k=">AAACAXicdVDLSgNBEOz1bXzFx83LYBA8hd0kkngLePFmBBOFJMjspDcZMzO7zMwKIeTkD3jVP/AmXv0Sf8DvcJIoGNGChqKqm+6uMBHcWN9/9+bmFxaXlldWM2vrG5tb2e2dholTzbDOYhHr65AaFFxh3XIr8DrRSGUo8Crsn479qzvUhsfq0g4SbEvaVTzijFonNVrnErv0Jpvz8+WTcrFSIFMSnDhS8Qul4yIJ8v4EueoeTFC7yX60OjFLJSrLBDWmGfiJbQ+ptpwJHGVaqcGEsj7tYtNRRSWa9nBy7YgcOqVDoli7UpZM1J8TQyqNGcjQdUpqe+a3Nxb/8pqpjSrtIVdJalGx6aIoFcTGZPw66XCNzIqBI5Rp7m4lrEc1ZdYFNLMlwoGSySjjgvn+nvxPGoV84OeDi1KuejRNCFZgHw7gCAIoQxXOoAZ1YHALD/AIT9699+y9eK/T1jnva2YXZuC9fQKmmZgR</latexit><latexit sha1_base64="tyXTA8t8OUB25gk2Zc5rUSHEt6k=">AAACAXicdVDLSgNBEOz1bXzFx83LYBA8hd0kkngLePFmBBOFJMjspDcZMzO7zMwKIeTkD3jVP/AmXv0Sf8DvcJIoGNGChqKqm+6uMBHcWN9/9+bmFxaXlldWM2vrG5tb2e2dholTzbDOYhHr65AaFFxh3XIr8DrRSGUo8Crsn479qzvUhsfq0g4SbEvaVTzijFonNVrnErv0Jpvz8+WTcrFSIFMSnDhS8Qul4yIJ8v4EueoeTFC7yX60OjFLJSrLBDWmGfiJbQ+ptpwJHGVaqcGEsj7tYtNRRSWa9nBy7YgcOqVDoli7UpZM1J8TQyqNGcjQdUpqe+a3Nxb/8pqpjSrtIVdJalGx6aIoFcTGZPw66XCNzIqBI5Rp7m4lrEc1ZdYFNLMlwoGSySjjgvn+nvxPGoV84OeDi1KuejRNCFZgHw7gCAIoQxXOoAZ1YHALD/AIT9699+y9eK/T1jnva2YXZuC9fQKmmZgR</latexit><latexit sha1_base64="5atmEEMr/JzETmvJThg9V8AGKho=">AAACAXicdVDLTgJBEJzFF+IL9ehlIjHhRHYBA9xIvHgTE0ESIGR26IWRmdnNzKzJhnDyB7zqH3gzXv0Sf8DvcHiYiNFKOqlUdae7y48408Z1P5zU2vrG5lZ6O7Ozu7d/kD08aukwVhSaNOShavtEA2cSmoYZDu1IARE+h1t/fDHzb+9BaRbKG5NE0BNkKFnAKDFWanWvBAxJP5tzC5VapVQt4gXxapZU3WL5vIS9gjtHDi3R6Gc/u4OQxgKkoZxo3fHcyPQmRBlGOUwz3VhDROiYDKFjqSQCdG8yv3aKz6wywEGobEmD5+rPiQkRWifCt52CmJH+7c3Ev7xObIJqb8JkFBuQdLEoiDk2IZ69jgdMATU8sYRQxeytmI6IItTYgFa2BJBIEU0zNpjv7/H/pFUseG7Buy7n6vllRGl0gk5RHnmoguroEjVQE1F0hx7RE3p2HpwX59V5W7SmnOXMMVqB8/4FLe2XvQ==</latexit>
5 Pileup Subtraction EC(E , ρ) = arg min
E ′∈Ω
EMD(E , E ′ + ρU)
[55–61]
T
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6 Theory Space T (E) =
N∑
i=1
σi δ(E − Ei)
Table 1: Concepts from quantum field theory and collider physics, unified in this paper
as geometric and topological constructions in the space of events. In Sec. 2, IRC safety is
identified as continuity in this space. In Sec. 3, many classic collider observables are shown
to be the shortest distance between the event and a manifold of events. In Sec. 4, popular
jet algorithms are derived by projecting the event onto manifolds of N -particle events. In
Sec. 5, common pileup mitigation strategies are cast as transporting away uniform radiation.
In Sec. 6, a space of theories is developed using a distance between event distributions.
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PN is one that has measure in PN ). This suggests, in agreement with Ref. [39], that Sudakov
safe observables are indeed perturbatively calculable once properly regulated.
In Sec. 3, we highlight that many well-known collider observables can be viewed as
the distance of closest approach between an event and a manifold of events. Many of the
observables we consider can be exactly cast as:
O(E) = min
E ′∈M
EMDβ,R(E , E ′), (1.7)
for particular choices of the manifold M and parameters β and R. Observables that have
the form of Eq. (1.7) include thrust [40, 41], spherocity [42], (recoil-free) broadening [43], and
N -jettiness [44]. Particularly interesting is the event isotropy, recently proposed in Ref. [45],
which was inspired by EMD geometry and is directly based on optimal transport. This
geometric framework also includes jet substructure observables such as jet angularities [46]
and N -subjettiness [47, 48].
In Sec. 4, we demonstrate how jet finding can be phrased in our geometric language.
Intuitively, a jet algorithm “approximates” an M -particle event with N < M objects called
jets. To phrase this geometrically, we are interested in the point of closest approach in PN to
our event, allowing us to define jets as:
J (E) = arg min
J∈PN
EMDβ,R(E ,J ), (1.8)
where J is the collection of N jets corresponding to the event E . Many common jet finding
algorithms can be derived in full detail from Eq. (1.8). For instance, we show that jets defined
by Eq. (1.8) are precisely those found by XCone [49, 50], where β is the angular weighting
exponent and R is the jet radius. Also, several popular sequential clustering algorithms and
recombination schemes, such as kT clustering [51, 52] with winner-take-all recombination [43,
53, 54], can be exactly obtained by iterating Eq. (1.8) with N = M − 1 for various β. It
is satisfying that a rich diversity of jet algorithms can be concisely encoded using event
geometry, and we find that several new schemes not previously appearing in the literature
naturally emerge.
In Sec. 5, we connect several pileup mitigation strategies to optimal transport through
the EMD. There is a long-established relationship between pileup subtraction and geometric
concepts [55–61]. Since pileup is reasonably modeled as uniform contamination in rapidity
and azimuth [60], we phrase pileup subtraction as removing a uniform distribution of radiation
from the event using optimal transport. Intuitively, pileup mitigation finds the event that,
when combined with an amount ρ of uniform radiation U , is closest to the given event:
EC(E , ρ) = arg min
E ′∈Ω
EMDβ(E , E ′ + ρU), (1.9)
yielding the pileup-corrected event EC . Here, Ω refers to the space of all possible energy flows
and EMDβ compares events of equal energy, as described at the beginning of Sec. 3. We
demonstrate that Voronoi area subtraction [55, 56] and constituent subtraction [58] can be
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Energy Mover’s Distance Cross Section Mover’s Distance
Symbol EMD ΣMD
Description Distance between events Distance between theories
Weight Particle energies Ei Event cross sections σi
Ground Metric Particle distances θij Event distances EMD(Ei, Ej)
Table 2: Comparing the constructions of EMD and ΣMD as optimal transport problems.
Events are treated as energy-weighted angular distributions, whereas theories are treated as
cross section-weighted event distributions. This connection allows us to bootstrap the EMD
as a ground metric for the ΣMD to develop a rigorous notion of theory space.
phrased exactly as Eq. (1.9) in the small-pileup limit. Generalizing this to the large-pileup
limit, we develop two new pileup subtraction schemes, Apollonius subtraction and iterated
Voronoi subtraction, and discuss their prospects and potential advantages.
In Sec. 6, we introduce a distance between theories: the cross section mover’s distance
(stylized as ΣMD, using the typical greek letter for cross section). Here, a “theory” T is
taken to be a distribution over (or collection of) events {Ei} weighted by cross sections {σi}:
T (E) =
N∑
i=1
σi δ(E − Ei). (1.10)
The ΣMD is formulated as an optimal transport problem with EMD as the ground metric
and cross sections as the weights. The similarity of the constructions of EMD and ΣMD are
highlighted in Table 2. Interestingly, we connect ΣMD to a recently proposed technique for
probing jet modifications due to the quark-gluon plasma by comparing similar sets of events
between proton-proton and heavy-ion collisions [64]. We also demonstrate that representative
events can be identified by clustering using the ΣMD, analogously to how particles are
clustered into jets. The ΣMD provides the foundation for a rigorous formulation of “theory
space”, quantifying how different two theories are based on all of their physically observable
quantities simultaneously.
Our conclusions are presented in Sec. 7, where we also highlight the interesting and unique
interplay between machine learning and the natural sciences in this story.
2 Infrared and collinear safety: Smoothness in the space of events
IRC safety is a central notion in collider physics because it indicates when an observable is
robust to long distance effects and hence can be described in perturbation theory [27, 28] using
a combination of fixed-order calculations and resummation. This insensitivity is frequently
connected to the invariance of an observable under certain modifications of the event, namely
soft and collinear splittings [29–31, 33–36].
– 7 –
All Observables 
Measurable at a collider
Defined on Energy Flows 
Invariant to exact infrared & collinear emissions everywhere except a negligible set of events
Infrared & Collinear Safe 
EMD continuous everywhere except a negligible set of events
EMD Hölder Continuous 
Everywhere invariant to infinitesimal 
infrared & collinear emissions
Sudakov Safe 
Discontinuous on some 
N-particle manifolds
Figure 2: An illustration of the set of observables partitioned according to various IRC-
invariance properties. Examples of observables in each category are listed in Table 3.
In this section, we review some of the common mathematical statements of this invariance
that have appeared in the literature, with the goal of clarifying and categorizing their implica-
tions. We arrive at a simple, unified description of IRC safety and related concepts (including
Sudakov safety) as statements about continuity in the space of energy flows. In Fig. 2, we
show the breakdown of observables into broad classes according to our categorization. A few
common examples of each category are given in Table 3.
2.1 Review of infrared and collinear invariance
The most straightforward statement of IRC invariance is that an observable O is unchanged
under the addition of an exactly zero energy particle or an exactly collinear splitting [33]:
Exact Infrared Invariance: O(pµ1 , . . . , pµM ) = O(0pµ0 , pµ1 , . . . , pµM ), (2.1)
Exact Collinear Invariance: O(pµ1 , . . . , pµM ) = O(λpµ1 , (1− λ)pµ1 , . . . , pµM ), (2.2)
for any soft momentum pµ0 and collinear splitting fraction λ ∈ [0, 1]. These conditions correctly
rule out some observables from having a perturbative description, such as the number of
particles in an event, which change by a finite amount under any splitting. Exact IRC
invariance, however, is not sufficiently restrictive to guarantee perturbative calculability of
an observable. For instance, the number of calorimeter cells with non-zero energy is safe
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All Observables Comments
Multiplicity (
∑
i 1) IR unsafe and C unsafe
Momentum Dispersion [65]
(∑
iE
2
i
)
IR safe but C unsafe
Sphericity Tensor [66] (
∑
i p
µ
i p
ν
i ) IR safe but C unsafe
Number of Non-Zero Calorimeter Deposits C safe but IR unsafe
Defined on Energy Flows
Pseudo-Multiplicity (min{N | TN = 0}) Robust to exact IR or C emissions
Infrared & Collinear Safe
Jet Energy (
∑
iEi) Disc. at jet boundary
Heavy Jet Mass [67] Disc. at hemisphere boundary
Soft-Dropped Jet Mass [38, 68] Disc. at grooming threshold
Calorimeter Activity [69] (N95) Disc. at cell boundary
Sudakov Safe
Groomed Momentum Fraction [39] (zg) Disc. on 1-particle manifold
Jet Angularity Ratios [37] Disc. on 1-particle manifold
N -subjettiness Ratios [47, 48] (τN+1/τN ) Disc. on N -particle manifold
V parameter [36] (Eq. (2.11)) Ho¨lder disc. on 3-particle manifold
EMD Ho¨lder Continuous Everywhere
Thrust [40, 41]
Spherocity [42]
Angularities [70]
N -jettiness [44] (TN )
C parameter [71–74] Resummation beneficial at C = 34
Linear Sphericity [72] (
∑
iEin
µ
i n
ν
i )
Energy Correlators [36, 75–77]
Energy Flow Polynomials [15, 17]
Table 3: Examples of well-known collider observables, along with their classification accord-
ing to Fig. 2. The observables satisfy the conditions of all bold-faced categories above them
in the table. Note that via our classification, Sudakov safe observables are IRC safe, since
the discontinuities appear on N -particle manifolds which are negligible sets in the full space.
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according to Eqs. (2.1) and (2.2), though it is highly sensitive to arbitrarily low-energy
effects [69]. Similarly, the pseudo-multiplicity, which we define as the smallest N that yields
zeroN -jettiness (see Sec. 3.2.2 below), is unchanged by exact infrared and collinear emissions,3
but is highly sensitive to any emissions at finite energy or angle.
Another common statement of IRC invariance refines the concept by invoking the limit
as particles become soft or collinear [30, 31, 34, 36]:
Near Infrared Invariance: O(pµ1 , . . . , pµM ) = lim→0O(p
µ
0 , p
µ
1 , . . . , p
µ
M ), (2.3)
Near Collinear Invariance: O(pµ1 , . . . , pµM ) = lim
pµ0→pµ1
O(λpµ0 , (1− λ)pµ1 , . . . , pµM ). (2.4)
One issue with this definition is that many reasonable observables that have hard boundaries
in phase space are excluded, such as jet kinematics due to sensitivity to particles on a jet
boundary. Hybrid definitions mixing exact and near IRC invariance also appear in the
literature but they suffer from the same pathologies. Another issue is that Eqs. (2.3) and
(2.4) (and also Eqs. (2.1) and (2.2)) do not guarantee insensitivity to multiple soft or collinear
splittings.
Several of these issues were previously identified in Ref. [36], which utilized a limit-based
statement of IRC invariance, recognized the importance of allowing for multiple soft and
collinear emissions, and allowed for exceptions on sets of measure zero. Despite noting that
a rigorous mathematical definition of IRC safety would be desirable, Ref. [36] concluded that
formulating one without pathologies was challenging and that a satisfactory definition had
not yet been obtained. Here, we explore how the geometric picture provided by the EMD
yields a natural and elegant way to phrase IRC safety and to control these various subtleties.
This builds on the notion of “C-continuity” advocated for in Refs. [2, 7], which argue that
the perturbative calculability of C-continuous observables can be seen by relating the energy
flow to the stress-energy tensor of the underlying quantum field theory.
2.2 Infrared and collinear safety in the space of events
The EMD provides a natural language for understanding IRC-safe observables as continuous
functions on the space of events. To make this precise, we first must understand which
observables are well-defined functions of the energy flow.
We can show that observables that are defined on all energy flows are precisely those
which have exact IRC invariance according to Eqs. (2.1) and (2.2). First, an observable is
well defined on the space of energy flows if its value is the same on events that are zero EMD
apart. The following lemma establishes the remaining connection to exact IRC invariance.
Lemma 1. Two events are zero EMD apart if and only if they differ by zero energy emissions
or exactly collinear splittings.
3We thank Andrew Larkoski for discussions related to this point.
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Proof. Adding a zero energy particle or a collinear splitting to an event manifestly does zero
energy moving, proving the forward direction. To prove the reverse direction, suppose that
two events are zero EMD apart and take their energy flows to be:
E(nˆ) =
M∑
i=1
Ei δ(nˆ− nˆi), E ′(nˆ) =
M ′∑
j=1
E′j δ(nˆ− nˆ′j). (2.5)
Since the EMD is a proper metric between energy flows, the identity of indiscernibles says
that EMD(E(nˆ), E ′(nˆ)) = 0 implies E(nˆ) = E ′(nˆ). For any direction nˆ with at least one
particle, either the sums of energies in that direction are equal between the two events or the
particle has zero energy. In the first case, the events differ by exactly collinear splittings in
that direction, and in the second case they differ by zero energy particles.
By this lemma we see that exact IRC invariance ensures that we can write O(E) rather
than O(pµ1 , · · · , pµM ) for an observable. As discussed in Sec. 2.1, exact IRC invariance is
insufficient to guarantee IRC safety and we must formulate a stronger condition phrased in
the geometric language of the space of events.
We propose that IRC safety is achieved by requiring an observable to be EMD continuous,
in the sense of Definition 1, except possibly on a negligible set of events. We define a negligible
set to be one that contains no EMD ball. The (open) EMD ball Br(E) around an event E is
defined as all events within an EMD of r > 0:
Br(E) =
{
E ′ ∈ Ω
∣∣∣EMD(E , E ′) < r} , (2.6)
where Ω is the space of all energy flows. Implicit in the above requirement is that an observable
must be well defined on energy flows. Concretely, we state IRC safety as the following:
Infrared and Collinear Safety. An observable is IRC safe if it is EMD continuous for
all energy flows, except potentially on a negligible set of events.
This new formulation of IRC safety has many aspects of existing ideas of safety discussed in
Sec. 2.2 wrapped into a concise and rigorous statement. It makes mathematically precise the
intuitive notion that small perturbations in the energy flow of the event give rise to small
perturbations in the observable. This notion of EMD continuity for IRC safe observables is
illustrated in Fig. 3. The exception for negligible sets allows observables to be discontinuous in
a way that affords them the opportunity to depend sharply on phase space but does not spoil
their calculability. Calculability is a statement about integrability, and removing a negligible
set of points from an integral cannot change its value.
To get some familiarity with this definition, consider additive IRC-safe observables, which
are ubiquitous structures [17] that take the form O(E) = ∑Mi=1Eif(nˆi) for an angular function
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Figure 3: An illustration of IRC safety of an observable as continuity in the space of events.
As formulated in Eq. (1.6), small perturbations to the event, as measured by EMD, yield
small changes in the observable value.
f . One can prove that they are Lipschitz continuous in the space of events assuming f is
Lipschitz continuous [1], and therefore they naturally satisfy continuity according to the EMD.
As a generalization of additive observables, energy flow networks [16] are a machine learning
architecture that can approximate any IRC-safe observable through an additive IRC-safe
latent space. As long as the activation functions are continuous almost everywhere, then the
final energy flow network output will be IRC safe.
There are also observables that fail the criteria of Eqs. (2.3) and (2.4) for small sets of
events but are safe according to our definition and are indeed calculable. The energy of a jet
is a simple example where emissions on the jet boundary result in discontinuous behavior of
the observable, but this discontinuity is integrable in fixed-order perturbation theory. A more
complicated example is the invariant mass after soft drop grooming [38, 68]: for events on the
threshold of having an emission dropped, tiny perturbations can give rise to discontinuously
large changes in the observable. This issue, however, only occurs on a negligible set, satisfying
our definition of safety and avoiding serious analytic pathologies [78–81]. Piecewise continu-
ity does, however, complicate analyzing the nonperturbative corrections [82] and detector
response [83, 84] of soft-dropped jet mass.
Our definition also includes observables that would sometimes not be called IRC safe since
they do not have a well defined Taylor expansion in the small parameter of the theory (e.g.
αs for QCD). These observables are nevertheless perturbatively calculable, though methods
beyond fixed-order perturbation theory may be required. The next subsections are devoted
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to exploring which IRC-safe observables are calculable in fixed-order perturbation theory and
which require additional techniques.
2.3 Calculability in fixed-order perturbation theory
IRC safety has long been connected with the notion of calculability order-by-order in pertur-
bative quantum field theory. However, IRC safety according to our Definition 1 includes
observables that are not calculable in fixed-order perturbation theory, which we explore
further in the next subsection. Here, building off the work in Refs. [32, 36], we formulate
the stronger notion of EMD Ho¨lder continuity [62, 63] and argue that it is the appropriate
condition to guarantee order-by-order perturbative control:
Definition 2. An observable O is EMD Ho¨lder continuous with exponent α ∈ (0, 1] at an
event E if there exists K > 0 such that for all E ′ in some neighborhood of E:
|O(E)−O(E ′)| ≤ K EMD(E , E ′)α. (2.7)
Note that the case of α = 1 corresponds to Lipschitz continuity at E , and in general we have
containment such that Ho¨lder continuity with exponent α implies Ho¨lder continuity with
exponent β if β ≤ α. EMD Ho¨lder continuity effectively specifies that the δ in Definition 1
is no smaller than  to some power (times a constant) for all points in a neighborhood of E ,
and thus it is a stronger requirement than plain EMD continuity.
To connect to fixed-order perturbation theory, we state the following conjecture:
Conjecture 1. An observable is calculable order-by-order in perturbation theory if it is
EMD Ho¨lder continuous on all but a negligible set of events in each N -particle manifold.
This relation phrases the ideas of Ref. [32] and “Version 2” of the IRC safety definition
of Ref. [36] in our geometric language via the EMD. While these criteria were originally
formulated for the calculability of moments of an observable, they appear to also extend to
the calculability of distributions of observables [85].
It is possible to demonstrate a precise equivalence between our Conjecture 1 and the
following criteria of Ref. [32] regarding when the average value of an observable O is calculable
in fixed-order perturbation theory:
lim
|~pi|→0
O(~p1, . . . , ~pi, . . . , ~pM )−O(~p1, . . . , ~pi−1, ~pi+1, . . . , ~pM )
|~pi|a = 0, (2.8)
lim
θij→0
O(~p1, . . . , ~pi, . . . , ~pj , . . . , ~pM )−O(~p1, . . . , ~pi + ~pj , . . . , ~pj−1, ~pj+1, . . . , ~pM )
θbij
= 0, (2.9)
where the powers a and b are positive and the choices of i and j are arbitrary. Here, Eq. (2.8)
is a statement of Ho¨lder continuity in the energy of particle i, which implies ordinary soft
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safety. Similarly, Eq. (2.9) is a statement of Ho¨lder continuity in the angular distance between
particles i and j, which implies ordinary collinear safety. In these soft and collinear limits,
EMD(E , E ′) ∝ Ei and EMD(E , E ′) ∝ θij respectively, and so Eqs. (2.8) and (2.9) can be
phrased compactly as:
lim
E ′→E
O(E)−O(E ′)
EMD(E , E ′)c = 0. (2.10)
for some positive exponent c. This is equivalent to the Ho¨lder continuity of the observable O
at E with some exponent α ≥ c, connecting the formulation of Ref. [32] to our conjecture.
Our Conjecture 1 also nicely connects to “Version 2” of the IRC safety definition in
Ref. [36], which we restate here with a suggestive relabeling of the original notation. The
criteria for fixed-order calculability of an observable in Ref. [36] are as follows:
Ref. [36]: Given almost any fixed set of particles and any value n, then for any
 > 0, however small, there should exist a δ > 0 such that producing n extra soft
or collinear emissions, each emission being at a distance of no more than δ from
the nearest particle, then the value of the observable does not change by more
than . Furthermore, there should exist a positive power c such that for small ,
δc can always be taken greater than .
By equipping the space of events with these topological and geometric structures via EMD,
our language provides a natural language to sharply mathematically formulate this discussion.
The first sentence can be encoded as EMD continuity of the observable on all but a negligible
set of events. The power relation between the  and δ parameters is precisely captured by
EMD Ho¨lder continuity with some exponent α > c, connecting to our Conjecture 1.
A variety of observables are considered in Ref. [36] at the boundary of perturbative
calculability, which helpfully illustrate the various requirements in their definition.4 An
observable that is useful to consider is:
V (E) = T2(E)
(
1 +
1
lnE(E)/T3(E)
)
, (2.11)
where TN are N -jettiness observables [44] discussed further in Sec. 3.1.4, and E is the total
energy of the event. We will refer to this observable as the “V parameter”. The double
logarithmic structure of T3 spoils the integrability of V at fixed order due to its behavior
as T3 goes to zero [36], which occurs on the three-particle manifold P3. Nonetheless, this
observable can be calculated using techniques beyond fixed-order perturbation theory, such
as the Sudakov safety approach discussed in the next section.
The relation between our formalism and fixed-order perturbative calculability is phrased
as a conjecture since additional subtleties or nuances about this type of calculability may
emerge with future research. Nonetheless, it is very satisfying that our geometric language
provides an efficient encapsulation and unification of the existing formulations of Refs. [32,
36]. In future work, it would be interesting to find a geometric phrasing of recursive IRC
4We thank Gavin Salam for discussions related to this point.
– 14 –
safety [36], which is a more restrictive condition than EMD Ho¨lder continuity and relevant for
understanding factorization and resummation. It would also be interesting to find a geometric
phrasing of unsafe observables that can be nevertheless be computed with the help of non-
perturbative fragmentation functions (see Ref. [86] for a broad class of such observables).
We hope that further refinements and developments will benefit from and be enabled by the
rigorous geometric and topological constructions we have introduced for the space of events
via the EMD.
2.4 A refined understanding of Sudakov safety
Sudakov-safe observables [37–39] are an interesting class of observables that are not typi-
cally considered IRC safe because divergences may appear order by order in perturbation
theory; this issue was originally pointed out in Ref. [57]. Nevertheless, the distribution for
a Sudakov-safe observable Os can be computed perturbatively by calculating its conditional
distribution with an IRC-safe companion observable Oc, resumming the Oc distribution, and
then marginalizing over Oc to obtain a finite answer [39]:
p(Os) =
∫
dOc p(Os|Oc) p(Oc). (2.12)
The conditional probability p(Os|Oc) can either be computed in fixed-order perturbation
theory or it can be further resummed to obtain a more accurate prediction for p(Os).
Here, we interpret Sudakov-safe observables as observables that are IRC safe according
to our definition but may be EMD (Ho¨lder) discontinuous on sets with non-zero measure
when restricted to some idealized massless N -particle manifold PN , defined in Eq. (1.5).
The relevant manifolds are the N -particle manifolds since these contain the infrared singular
regions of massless gauge theories, namely configurations that differ by soft and collinear
splittings. The IRC safety of an observable according to our definition guarantees that
any potentially problematic energy flows are infinitesimally close to energy flows for which
the observable is well defined. The strategy in Eq. (2.12) also enables the computation of
observables such as the V parameter in Eq. (2.11), which are EMD continuous everywhere
but exhibit Ho¨lder discontinuities on sets with non-zero measure in PN and are therefore
incalculable with fixed-order perturbation theory alone.
It is instructive to make a connection to practical methods of computing Sudakov-safe
observables. In a quantum field theory of massless particles, the cross section to produce
events with exactly N particles is zero (i.e. the naive S-matrix is zero), and such theories
ultimately yield smooth predictions in the space of events. Hence, divergences that appear in
the calculation of such an observable in a fixed-order expansion can be regulated by a joint,
all-orders calculation of the observable and the distance from the problematic manifold PN .
This is precisely the strategy represented by Eq. (2.12), though Ref. [39] did not provide a
generic method to identify the companion observable Oc. In Sec. 3, we will establish that
the distance from an event to the manifold PN is precisely N -(sub)jettiness [44, 47, 48],
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suggesting that they are universal companion observables for the calculation of Sudakov-safe
observables, in a similar spirit to Refs. [87–89].
It is worth mentioning that, even if an observable is EMD Ho¨lder continuous everywhere,
resummation along the lines of Eq. (2.12) may still be beneficial for making reliable predic-
tions. The C-parameter [71–73] is an example of an EMD Ho¨lder continuous observable,
yet its fixed-order perturbative distribution exhibits discontinuous behavior at C = 34 [74].
This perturbative discontinuity can be smoothed through soft-gluon resummation, and such
techniques are relevant for other observables that exhibit Sudakov shoulder behavior [90].
This is different, however, from Sudakov-safe observables, where the observable itself (and
not just its distribution) is ill-defined on some PN .
To summarize, our definition of IRC safety does includes Sudakov-safe observables, but
we argue that this is appropriate since such observables are indeed perturbatively accessible
via regulation with N -(sub)jettiness. This motivates the following conjecture:
Conjecture 2. An observable is perturbatively calculable, using a combination of fixed-
order and resummation techniques, if it is IRC safe according to the definition in Sec. 2.2.
Proving this conjecture, or finding a counterexample, would shed considerable light on the
structure of perturbative quantum field theory. Of course, even if an observable is perturba-
tively calculable, it may suffer from large non-perturbative or detector corrections, and it may
be helpful to use the K and α parameters in Eq. (2.7) to assess the sensitivity of observables
to long-distance effects.
3 Observables: Distances between events and manifolds
In this section, we show that a number of event-level and jet substructure observables can be
identified as geometric quantities in the space of events. Broadly speaking, the observables we
consider take the general form of a distance between an event and a manifold, as in Eq. (1.7).
The illustration in Fig. 4 shows an observable as a distance between geometric objects in the
space of events. While not all IRC-safe observables can be written in this way, a remarkably
large family of classic observables take precisely this geometric form. We will work with
unnormalized observables here, but normalized versions can be obtained by dividing by the
total energy (or transverse momentum in the hadronic case).
We begin by discussing thrust and spherocity, where the manifold is the set of all back-
to-back two-particle events. To understand (recoil-free) broadening, we expand the manifold
to all two-particle events, beyond just back-to-back configurations. Then, to connect to N -
jettiness, we utilize the idealized N -particle manifold defined in Eq. (1.5). Our geometric
language gives clear and intuitive explanations of what physics these observables probe and
why they take the forms that they do. While these EMD formulations do not necessarily lead
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Figure 4: An illustration of an observable O as the distance of closest approach, as
measured by the EMD, between the event E and a manifold M of events. Many classic
collider observables fit into this precise form, stated in Eq. (1.7), with particular choices of
manifold.
to practical computational improvements, we do highlight ways to speed up the numerical
evaluation of event isotropy using techniques from the optimal transport literature. Finally,
we identify jet angularities and N -subjettiness as jet substructure observables obeying similar
principles at the level of jets.
For most of the observables in this section, the R parameter is not needed, in which case
we define a notion of EMD relevant for comparing events with equal energies:
EMDβ(E , E ′) = lim
R→∞
Rβ EMDβ,R(E , E ′). (3.1)
This only has a finite limit if E and E ′ have the same total energy, which is a useful property
to simplify our analysis. Explicitly, when comparing events with equal energy, this EMD
simplifies to:
EMDβ(E , E ′) = min{fij≥0}
M∑
i=1
M ′∑
j=1
fijθ
β
ij , (3.2)
M∑
i=1
fij = E
′
j ,
M ′∑
j=1
fij = Ei,
M∑
i=1
M ′∑
j=1
fij =
M∑
i=1
Ei =
M ′∑
j=1
E′j . (3.3)
This will be the precise notion of EMD we use when the R subscript is suppressed.
In Table 4, we summarize some of the observables considered below and their geometric
interpretations. In Fig. 5, we illustrate the geometric construction of many of these observ-
ables, which we will explore in detail below.
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O(E) = min
E ′∈M
EMDβ(E , E ′)
Name β Manifold M
Thrust t(E) 2 PBB2 : 2-particle events, back to back
Spherocity
√
s(E) 1 PBB2 : 2-particle events, back to back
Broadening b(E) 1 P2: 2-particle events
N -jettiness T (β)N (E) β PN : N -particle events
Isotropy I(β)(E) β MU : Uniform events
Jet Angularities λβ(J ) β P1: 1-particle jets
N -subjettiness τ
(β)
N (J ) β PN : N -particle jets
Table 4: Observables as the EMD between the event E and a manifold M, using the EMD
definition in Eq. (3.2). Several of these observables are illustrated in Fig. 5. Here, we consider
only the “recoil-free” versions of these observables.
I
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t
<latexit sha1_base64="xsud14FDcektnrghDiXFlY0IVqE=">AAAB/HicdVDJSgNBEK1xjXGLy81LYxA8hR7XeAt48ZiAWSCG0NOpSRp7eobuHiGE+ANe9Q+8iVf/xR/wO+xMIqjog4LHe1VU1QsSKYyl9N2bm19YXFrOreRX19Y3Ngtb2w0Tp5pjnccy1q2AGZRCYd0KK7GVaGRRILEZ3F5O/OYdaiNidW2HCXYi1lciFJxZJ9Vst1CkpVPqX5xRQks0Q0bK/rFP/JlSrOxChmq38HHTi3kaobJcMmPaPk1sZ8S0FVziOH+TGkwYv2V9bDuqWISmM8oOHZMDp/RIGGtXypJM/T4xYpExwyhwnRGzA/Pbm4h/ee3UhuXOSKgktaj4dFGYSmJjMvma9IRGbuXQEca1cLcSPmCaceuy+bElxKGKknHeBfP1PfmfNI5KPi35tZNihU4TghzswT4cgg/nUIErqEIdOCA8wCM8effes/fivU5b57zZzA78gPf2Calkldo=</latexit><latexit sha1_base64="xsud14FDcektnrghDiXFlY0IVqE=">AAAB/HicdVDJSgNBEK1xjXGLy81LYxA8hR7XeAt48ZiAWSCG0NOpSRp7eobuHiGE+ANe9Q+8iVf/xR/wO+xMIqjog4LHe1VU1QsSKYyl9N2bm19YXFrOreRX19Y3Ngtb2w0Tp5pjnccy1q2AGZRCYd0KK7GVaGRRILEZ3F5O/OYdaiNidW2HCXYi1lciFJxZJ9Vst1CkpVPqX5xRQks0Q0bK/rFP/JlSrOxChmq38HHTi3kaobJcMmPaPk1sZ8S0FVziOH+TGkwYv2V9bDuqWISmM8oOHZMDp/RIGGtXypJM/T4xYpExwyhwnRGzA/Pbm4h/ee3UhuXOSKgktaj4dFGYSmJjMvma9IRGbuXQEca1cLcSPmCaceuy+bElxKGKknHeBfP1PfmfNI5KPi35tZNihU4TghzswT4cgg/nUIErqEIdOCA8wCM8effes/fivU5b57zZzA78gPf2Calkldo=</latexit><latexit sha1_base64="xsud14FDcektnrghDiXFlY0IVqE=">AAAB/HicdVDJSgNBEK1xjXGLy81LYxA8hR7XeAt48ZiAWSCG0NOpSRp7eobuHiGE+ANe9Q+8iVf/xR/wO+xMIqjog4LHe1VU1QsSKYyl9N2bm19YXFrOreRX19Y3Ngtb2w0Tp5pjnccy1q2AGZRCYd0KK7GVaGRRILEZ3F5O/OYdaiNidW2HCXYi1lciFJxZJ9Vst1CkpVPqX5xRQks0Q0bK/rFP/JlSrOxChmq38HHTi3kaobJcMmPaPk1sZ8S0FVziOH+TGkwYv2V9bDuqWISmM8oOHZMDp/RIGGtXypJM/T4xYpExwyhwnRGzA/Pbm4h/ee3UhuXOSKgktaj4dFGYSmJjMvma9IRGbuXQEca1cLcSPmCaceuy+bElxKGKknHeBfP1PfmfNI5KPi35tZNihU4TghzswT4cgg/nUIErqEIdOCA8wCM8effes/fivU5b57zZzA78gPf2Calkldo=</latexit><latexit sha1_base64="3a3GJjcdt+LQtD5NsG2okswqLl0=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hVmf8Rbw4jEB84BkCbOT3mTI7OwyMyssIf6AV/0Db+LVf/EH/A4nmxWMaEFDUdVNd5cfC64NIR/O0vLK6tp6YaO4ubW9s1va22/pKFEMmiwSker4VIPgEpqGGwGdWAENfQFtf3wz89v3oDSP5J1JY/BCOpQ84IwaKzVMv1QmlQviXl8STCokQ0aq7pmL3Vwpoxz1fumzN4hYEoI0TFCtuy6JjTehynAmYFrsJRpiysZ0CF1LJQ1Be5Ps0Ck+tsoAB5GyJQ3O1J8TExpqnYa+7QypGenf3kz8y+smJqh6Ey7jxIBk80VBIrCJ8OxrPOAKmBGpJZQpbm/FbEQVZcZms7AlgFSG8bRog/n+Hv9PWqcVl1Tcxnm5RvKICugQHaET5KIrVEO3qI6aiCFAj+gJPTsPzovz6rzNW5ecfOYALcB5/wIwuJWG</latexit>
PBB2
<latexit sha1_base64="ssH/DqpuHJHfFAwagi09v/Cr6gE=">AAACE3icdVDLSgMxFL3j2/qqD9y4CRbBVcn4dld047KCbYW2lkyaaYNJZkgyQhnnM/wBt/oH7sStH+AP+B2mUwUVPRA4nHMv9+QEseDGYvzmjY1PTE5Nz8wW5uYXFpeKyyt1EyWashqNRKQvA2KY4IrVLLeCXcaaERkI1giuT4d+44ZpwyN1YQcxa0vSUzzklFgndYrrLUlsnxKRVrOrtKUlOjnJOjudYgmX97F/fIARLuMcOTnyd33kfyqlyhrkqHaK761uRBPJlKWCGNP0cWzbKdGWU8GyQisxLCb0mvRY01FFJDPtNM+foS2ndFEYafeURbn6fSMl0piBDNzkMK357Q3Fv7xmYsOjdspVnFim6OhQmAhkIzQsA3W5ZtSKgSOEau6yItonmlDrKvtxJWQDJeOs4Ir5+j36n9R3yj4u++d7pQoeNQQzsAGbsA0+HEIFzqAKNaBwC/fwAI/enffkPXsvo9Ex73NnFX7Ae/0A/pSerQ==</latexit><latexit sha1_base64="ssH/DqpuHJHfFAwagi09v/Cr6gE=">AAACE3icdVDLSgMxFL3j2/qqD9y4CRbBVcn4dld047KCbYW2lkyaaYNJZkgyQhnnM/wBt/oH7sStH+AP+B2mUwUVPRA4nHMv9+QEseDGYvzmjY1PTE5Nz8wW5uYXFpeKyyt1EyWashqNRKQvA2KY4IrVLLeCXcaaERkI1giuT4d+44ZpwyN1YQcxa0vSUzzklFgndYrrLUlsnxKRVrOrtKUlOjnJOjudYgmX97F/fIARLuMcOTnyd33kfyqlyhrkqHaK761uRBPJlKWCGNP0cWzbKdGWU8GyQisxLCb0mvRY01FFJDPtNM+foS2ndFEYafeURbn6fSMl0piBDNzkMK357Q3Fv7xmYsOjdspVnFim6OhQmAhkIzQsA3W5ZtSKgSOEau6yItonmlDrKvtxJWQDJeOs4Ir5+j36n9R3yj4u++d7pQoeNQQzsAGbsA0+HEIFzqAKNaBwC/fwAI/enffkPXsvo9Ex73NnFX7Ae/0A/pSerQ==</latexit><latexit sha1_base64="ssH/DqpuHJHfFAwagi09v/Cr6gE=">AAACE3icdVDLSgMxFL3j2/qqD9y4CRbBVcn4dld047KCbYW2lkyaaYNJZkgyQhnnM/wBt/oH7sStH+AP+B2mUwUVPRA4nHMv9+QEseDGYvzmjY1PTE5Nz8wW5uYXFpeKyyt1EyWashqNRKQvA2KY4IrVLLeCXcaaERkI1giuT4d+44ZpwyN1YQcxa0vSUzzklFgndYrrLUlsnxKRVrOrtKUlOjnJOjudYgmX97F/fIARLuMcOTnyd33kfyqlyhrkqHaK761uRBPJlKWCGNP0cWzbKdGWU8GyQisxLCb0mvRY01FFJDPtNM+foS2ndFEYafeURbn6fSMl0piBDNzkMK357Q3Fv7xmYsOjdspVnFim6OhQmAhkIzQsA3W5ZtSKgSOEau6yItonmlDrKvtxJWQDJeOs4Ir5+j36n9R3yj4u++d7pQoeNQQzsAGbsA0+HEIFzqAKNaBwC/fwAI/enffkPXsvo9Ex73NnFX7Ae/0A/pSerQ==</latexit><latexit sha1_base64="dJttqGz1EWV3twGSS0kVVtxlisU=">AAACE3icdVDLSgMxFM3UV62vUcGNm2ARXJVMfdVdqRuXFewD2loyaaYNTTJDkhHKOJ/hD7jVP3Anbv0Af8DvMH0IVvRA4HDOvdyT40ecaYPQh5NZWFxaXsmu5tbWNza33O2dug5jRWiNhDxUTR9rypmkNcMMp81IUSx8Thv+8HLsN+6o0iyUN2YU0Y7AfckCRrCxUtfdawtsBgTzpJreJm0lYKWSdotdN48Kp8i7OEMQFdAEE1Lyjj3ozZQ8mKHadT/bvZDEgkpDONa65aHIdBKsDCOcprl2rGmEyRD3actSiQXVnWSSP4WHVunBIFT2SQMn6s+NBAutR8K3k+O0+rc3Fv/yWrEJSp2EySg2VJLpoSDm0IRwXAbsMUWJ4SNLMFHMZoVkgBUmxlY2dyWgIymiNGeL+f49/J/UiwUPFbzrk3wZzSrKgn1wAI6AB85BGVyBKqgBAu7BI3gCz86D8+K8Om/T0Ywz29kFc3DevwCF6J5Z</latexit>
E
<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>
U
<latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="mLPVFXE76qSokMb3S8pdhR3NoWo=">AAACBnicdVDLSsNAFJ34rPVVdelmsAiuQiJC667gxmUF0xbSUibTSTt0HmFmIoSQvT/gVv/Anbj1N/wBv8NJW8H6OHDhcM693HtPlDCqjee9Oyura+sbm5Wt6vbO7t5+7eCwo2WqMAmwZFL1IqQJo4IEhhpGeokiiEeMdKPpVel374jSVIpbkyVkwNFY0JhiZKwU9jkyE4xYHhTDWt1zLxueBfxNfNeboQ4WaA9rH/2RxCknwmCGtA59LzGDHClDMSNFtZ9qkiA8RWMSWioQJ3qQz04u4KlVRjCWypYwcKZ+n8gR1zrjke0sT9Q/vVL8ywtTEzcHORVJaojA80VxyqCRsPwfjqgi2LDMEoQVtbdCPEEKYWNTWtoSk0zwpKjaYL6+h/+Tzrnre65/c1FvNRcRVcAxOAFnwAcN0ALXoA0CgIEED+ARPDn3zrPz4rzOW1ecxcwRWILz9glJF5oP</latexit>
(a)
PN
<latexit sha1_base64="JsZOYfja2vHFGx/cDtLrSJZ4kCM=">AAACDHicdVDLSgMxFL1T3/XR8bFzEyyCqyFTq627ghtXUsGq0JaSSTNtaCYzJBmhDPML/oBb/QN34tZ/8Af8DtNWQUUPBA7n3Ms9OUEiuDYYvzmFufmFxaXlleLq2vpGyd3cutJxqihr0VjE6iYgmgkuWctwI9hNohiJAsGug9HpxL++ZUrzWF6accK6ERlIHnJKjJV6bqkTETOkRGTNvJed5z23jD18XPUrPsLeEfbrFTwjJ7VD5Ht4inJjB6Zo9tz3Tj+macSkoYJo3fZxYroZUYZTwfJiJ9UsIXREBqxtqSQR091sGjxH+1bpozBW9kmDpur3jYxEWo+jwE5OYurf3kT8y2unJqx3My6T1DBJZ4fCVCATo0kLqM8Vo0aMLSFUcZsV0SFRhBrb1Y8rIRvLKMmLtpiv36P/yVXF87HnX1TLjfqsIViGXdiDA/ChBg04gya0gEIK9/AAj86d8+Q8Oy+z0YLzubMNP+C8fgCFmZxj</latexit><latexit sha1_base64="JsZOYfja2vHFGx/cDtLrSJZ4kCM=">AAACDHicdVDLSgMxFL1T3/XR8bFzEyyCqyFTq627ghtXUsGq0JaSSTNtaCYzJBmhDPML/oBb/QN34tZ/8Af8DtNWQUUPBA7n3Ms9OUEiuDYYvzmFufmFxaXlleLq2vpGyd3cutJxqihr0VjE6iYgmgkuWctwI9hNohiJAsGug9HpxL++ZUrzWF6accK6ERlIHnJKjJV6bqkTETOkRGTNvJed5z23jD18XPUrPsLeEfbrFTwjJ7VD5Ht4inJjB6Zo9tz3Tj+macSkoYJo3fZxYroZUYZTwfJiJ9UsIXREBqxtqSQR091sGjxH+1bpozBW9kmDpur3jYxEWo+jwE5OYurf3kT8y2unJqx3My6T1DBJZ4fCVCATo0kLqM8Vo0aMLSFUcZsV0SFRhBrb1Y8rIRvLKMmLtpiv36P/yVXF87HnX1TLjfqsIViGXdiDA/ChBg04gya0gEIK9/AAj86d8+Q8Oy+z0YLzubMNP+C8fgCFmZxj</latexit><latexit sha1_base64="JsZOYfja2vHFGx/cDtLrSJZ4kCM=">AAACDHicdVDLSgMxFL1T3/XR8bFzEyyCqyFTq627ghtXUsGq0JaSSTNtaCYzJBmhDPML/oBb/QN34tZ/8Af8DtNWQUUPBA7n3Ms9OUEiuDYYvzmFufmFxaXlleLq2vpGyd3cutJxqihr0VjE6iYgmgkuWctwI9hNohiJAsGug9HpxL++ZUrzWF6accK6ERlIHnJKjJV6bqkTETOkRGTNvJed5z23jD18XPUrPsLeEfbrFTwjJ7VD5Ht4inJjB6Zo9tz3Tj+macSkoYJo3fZxYroZUYZTwfJiJ9UsIXREBqxtqSQR091sGjxH+1bpozBW9kmDpur3jYxEWo+jwE5OYurf3kT8y2unJqx3My6T1DBJZ4fCVCATo0kLqM8Vo0aMLSFUcZsV0SFRhBrb1Y8rIRvLKMmLtpiv36P/yVXF87HnX1TLjfqsIViGXdiDA/ChBg04gya0gEIK9/AAj86d8+Q8Oy+z0YLzubMNP+C8fgCFmZxj</latexit><latexit sha1_base64="7cLdUU0n89KEDkB05clWTPEiXwM=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwNWRqtXVXcONKKtgHtEPJpJk2NJMZkoxQhvkFf8Ct/oE7ces/+AN+h5m2ghU9EDiccy/35PgxZ0oj9GGtrK6tb2wWtorbO7t7JXv/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3KV+517KhWLxJ2extQL8UiwgBGsjTSwS/0Q6zHBPG1mg/QmG9hl5KCLqltxIXLOkVuvoDm5rJ1B10EzlMECzYH92R9GJAmp0IRjpXouirWXYqkZ4TQr9hNFY0wmeER7hgocUuWls+AZPDHKEAaRNE9oOFN/bqQ4VGoa+mYyj6l+e7n4l9dLdFD3UibiRFNB5oeChEMdwbwFOGSSEs2nhmAimckKyRhLTLTpaulKQKcijLOiKeb79/B/0q44LnLc22q5UV9UVABH4BicAhfUQANcgyZoAQIS8AiewLP1YL1Yr9bbfHTFWuwcgiVY718M7ZwP</latexit>
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(b)
Figure 5: An illustration of a variety of observables as distances between an event E and
various manifolds in the space of events, as summarized in Table 4. (a) Thrust t is the smallest
distance from the event to the manifold PBB2 of two-particle back-to-back events, while event
isotropy I is the distance to the uniform event U . (b) N -jettiness observables TN are the
smallest distances from the event to the N -particle manifolds PN .
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3.1 Event-level observables
3.1.1 Thrust
Thrust is an observable that quantifies the degree to which an event is pencil-like [40, 41, 91].
It has been experimentally measured [92–104] and theoretically calculated [105–110] in detail
for electron-positron collisions. Thrust seeks to find an axis nˆ (the “thrust axis”) such that
most of the radiation lies in the direction of either nˆ or −nˆ; i.e. it maximizes the amount of
radiation longitudinal to the thrust axis. While a variety of conventions for defining thrust
exist, here we use the following dimensionful definition:
t(E) = 2 min
nˆ
M∑
i=1
|~pi|(1− |~ni · nˆ|), (3.4)
where nˆi = ~pi/|~pi| and other definitions follow by simple rescalings. A thrust value of zero
corresponds to an event consisting of two back-to-back prongs, while its maximum value of
the total energy corresponds to a perfectly spherical event.
Interestingly, the value of thrust in Eq. (3.4) is equivalent to the cost of an optimal
transport problem. This connection will allow us to cast thrust as a simple geometric quantity
written in terms of the EMD. Using Ei = |~pi| for massless particles and writing out the
absolute value, we can cast Eq. (3.4) as:
t(E) = 2 min
nˆ
M∑
i=1
Ei min(1− nˆi · nˆ, 1 + nˆi · nˆ). (3.5)
For a fixed nˆ, the summand in Eq. (3.5) is the transportation cost to move particle i to
the closer of nˆ or −nˆ with an angular measure of θ2ij = 2nµi njµ = 2(1 − nˆi · nˆj). The sum is
then the EMD between the event and a two-particle event consisting of back-to-back particles
directed along nˆ, where the energy of each of the two particles is equal to the total energy in
the corresponding hemisphere. The minimization over nˆ is equivalent to a minimization over
all such two-particle events.
Thus, thrust is our first example of an observable that can be cast in the form of Eq. (1.7).
First, we define the manifold of back-to-back two-particle events:
PBB2 =
{
2∑
i=1
Ei δ(nˆ− nˆi)
∣∣∣∣∣ Ei ≥ 0, nˆ1 = −nˆ2
}
. (3.6)
Then, using the notation of Eq. (3.2) with β = 2,5 thrust is the smallest EMD from the event
to the PBB2 manifold:
t(E) = min
E ′∈PBB2
EMD2(E , E ′), (3.7)
5As mentioned in footnote 1, strictly speaking only the square root of EMD2 is a proper metric. Because
the square root is a monotonic function, though, this has no impact on the interpretation of thrust as an
optimal transport problem.
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where the minimization is carried out over all back-to-back two-particle configurations.
Because of the R → ∞ limit in Eq. (3.1), the optimal back-to-back configuration is
guaranteed to have the same total energy as the event E , as desired. Note that even if this
analysis is carried out in the center-of-mass frame, the optimal back-to-back configuration
will generically not be at rest, since it involves two massless particles with different energies.6
This suggests a possible variant of thrust where one restricts the two-particle manifold to
only include events that are physically accessible, either by forcing E1 = E2 or by considering
massive particles as in App. A.
3.1.2 Spherocity
Spherocity is an observable that also probes the jetty nature of events [42]. It seeks to find
an axis that minimizes the amount of radiation in the event transverse to it according to the
following criterion:
s(E) = min
nˆ
(
M∑
i=1
Ei|~ni × nˆ|
)2
, (3.8)
where the original definition of spherocity is related to this by an overall rescaling. In the
small s limit, where the event configurations are back to back, we can write |~ni × nˆ| '√
2(1− |nˆi · nˆ|) and obtain:
s(E) ' min
nˆ
(
M∑
i=1
Ei
√
2(1− |nˆi · nˆ|)
)2
. (3.9)
We focus on this limiting form for the following discussion.
Similar to the case of thrust, we can identify the spherocity expression to be minimized
as an optimal transport problem. For a fixed nˆ, the summand in Eq. (3.9) is the cost to
transport particle i to the closer of nˆ or −nˆ with an angular measure of θij =
√
2nµi njµ.
7
The sum is once again the EMD from the event to the manifold of back-to-back events, with
the minimization over nˆ interpreted as a minimization over the manifold.
Spherocity, in the appropriate limit, is therefore the square of the smallest EMD (with
β = 1) from the event to the manifold PBB2 from Eq. (3.6):√
s(E) = min
E ′∈PBB2
EMD1(E , E ′). (3.10)
Through this lens, spherocity differs from thrust (besides the overall exponent) solely in the
angular weighting factor: β = 1 for spherocity and β = 2 for thrust. One could continue in
this direction, defining the distance of closest approach for general β. (This is related to the
event shape angularities [70], with a key difference being that angularities are traditionally
measured with respect to the thrust axis.) Instead, we now turn towards enlarging the
manifold itself.
6We thank Samuel Alipour-fard for discussions related to this point.
7In fact, Eq. (3.8) is already an optimal transport problem, using θij = sin Ωij , where Ωij is the opening
angle between particles i and j. This has the same small angle behavior as θij = 2 sin
Ωij
2
from Eq. (1.4).
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3.1.3 Broadening
Recoil-free broadening [43] is an observable that is sensitive to two-pronged events that are
not precisely back-to-back jets. Here we focus on recoil-free broadening, to be distinguished
from the original jet broadening [111–113] which is defined in terms of the thrust axis.8 It
differs from spherocity only in that it minimizes the same quantity over two “kinked” axes that
need not be antipodal. Though subtle, this difference gives rise to very important theoretical
differences between broadening and spherocity in the treatment of soft recoil effects [114], as
discussed extensively in Ref. [43].
Here, we use the following definition of broadening:
b(E) = min
nˆL, nˆR
M∑
i=1
Ei min(θiL, θiR), (3.11)
where θiL and θiR are the angular distances between particle i and nˆL and nˆR, respectively.
The fact that nˆL and nˆR are minimized separately (rather than nˆL = −nˆR) is the key
distinction between recoil-free broadening and previous observables. For a fixed nˆL and nˆR,
the summand in Eq. (3.11) is the cost to transport particle i to the closer of nˆL or nˆR with an
angular measure of θij =
√
2nµi njµ. The sum is then the EMD from the event to the manifold
of all two-particle events, which need not be back-to-back, namely P2 from Eq. (1.5). The
minimization over nˆL and nˆR is then interpreted as a minimization over this manifold.
Thus, broadening is the smallest EMD with β = 1 from the event to P2:
b(E) = min
E ′∈P2
EMD1(E , E ′). (3.12)
The geometrical formulation of broadening in Eq. (3.12) differs from that of spherocity in
Eq. (3.10) only in that it does not restrict the manifold to back-to-back configurations.This
distinction is important to extend these ideas beyond the two-particle manifold.
3.1.4 N-jettiness
N -jettiness [44] (see also Ref. [115]) is an observable that partitions an event into N jet regions
and, for hadronic collisions, a beam region. Without a beam region, it is defined based on a
minimization procedure over N axes:
T (β)N = minnˆ1,··· ,nˆN
M∑
i=1
Ei min
(
θβi1, θ
β
i2, · · · , θβiN
)
, (3.13)
where θi1 through θiN are the angular distances between particle i and axes nˆ1 through nˆN ,
respectively.
8There is an EMD-based definition of the original jet broadening, using the thrust axis defined by Et =
arg minE′∈PBB2 EMD2(E , E
′). With modified angular measure and normalization, the original jet broadening
with respect to the thrust axis is bt(E) = EMD1(E , Et). Note the two different values of β in these expressions.
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We immediately identify the summand as the cost of transporting particle i to the nearest
axis. For fixed nˆ1 through nˆN , assigning the energy transported to each axis as the energy of
that axis gives rise to an N -particle event. The expression to be minimized is then the EMD
between the original event and that N -particle event. The minimization over nˆ1 through nˆN
is interpreted as a minimization over all such N -particle events.
Therefore, N -jettiness is the smallest distance between the event and the manifold PN
of N -particle events. Equivalently, one can view it as the EMD to the best N -particle
approximation of the event, and we return to this interpretation in Sec. 4.1. Thus, we have:
T (β)N = minE ′∈PN EMDβ(E , E
′). (3.14)
We see that N -jettiness generalizes the geometric interpretation of broadening to a general
N -particle manifold and a general angular weighting exponent β.
For hadronic collisions, initial state radiation and underlying event activity require the
introduction of a “beam” (or out-of-jet) region [44, 116, 117]. This can be accomplished via
the introduction of a beam distance θi,beam into the minimization of Eq. (3.13). There are
many possible beam measures [49, 118], including ones that involve optimizing over two beam
axes nˆa and nˆb. For simplicity, we focus on θi,beam = R
β which makes no explicit reference
to the beam directions [48]. Dividing by an overall factor of Rβ, this modified version of
N -jettiness can be written as:
T (β,R)N = minnˆ1,··· ,nˆN
M∑
i=1
Ei min
(
1,
θβi1
Rβ
,
θβi2
Rβ
, · · · , θ
β
iN
Rβ
)
. (3.15)
This definition of N -jettiness is similar to Eq. (3.13), though now a particle can be closer
to the beam than to any axis. In this case, we say that the particle is transported to the
beam and removed for a cost Ei. The summand is then the cost to transport the event to an
N -particle event plus the cost of removing any particles beyond R from any axes.
Remarkably, this precisely corresponds to the EMD when formulated for events of differ-
ent total energy. Namely, N -jettiness with this beam region is simply the smallest distance
between the event and the manifold of N -particle events, with R smaller than the radius of
the space:
T (β,R)N = minE ′∈PN EMDβ,R(E , E
′). (3.16)
Particles removed by the optimal transport procedure are interpreted as being part of the
beam region. This fact will also be relevant in Sec. 4.2 for understanding sequential recombi-
nation jet clustering algorithms as geometric constructions in the space of events.
3.1.5 Event isotropy
Our new geometric phrasing of these classic collider observables highlights the types of
configurations that they are designed to probe. Specifically, Eq. (1.7) can be interpreted
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as how similar an event is to the class of events on the manifold M. This framework also
suggests regions of phase space that are poorly resolved by existing observables and provides
a prescription for developing new observables by identifying new manifolds of interest.
Event isotropy [45] is a recently-proposed observable that provides a clear example of
this strategy. It is based on the insight that distances from the N -particle manifolds (such
as thrust and N -jettiness) are not well-suited for resolving isotropic events with uniform
radiation patterns. Having observables with sensitivity to isotropic events can, for instance,
improve new physics searches for microscopic black holes or strongly-coupled scenarios. This
motivates event isotropy, which is the distance between the event E and an isotropic event U
of the same total energy:
I(β)(E) = EMDβ(E ,U). (3.17)
Since E and U have the same total energy by construction, it is natural to normalize event
isotropy by the total energy to make it dimensionless. The analysis in Ref. [45] focused
primarily on β = 2, though this approach can be extended to a general angular exponent.
For practical applications, it is convenient to consider a manifold of quasi-isotropic events
of the same total energy and then estimate event isotropy as the average EMD between an
event and this manifold.
We can cast Eq. (3.17) into the form of Eq. (1.7) by introducing a manifold MU of
uniform events with varying total energies:
I(β)(E) = min
E ′∈MU
EMDβ(E , E ′). (3.18)
The R → ∞ limit in Eq. (3.1) enforces that the optimal isotropic approximation U has the
same total energy as E , as in the original event isotropy definition.
The particular notion of a uniform distribution depends on the collider context—spherical
for electron-positron collisions and cylindrical or ring-like for hadronic collisions—with cor-
responding choices for the energy and angular measures. The case of ring-like isotropy at
a hadron collider is particularly interesting, since there are known simplifications for one-
dimensional circular optimal transport problems. For β = 1, ring-like event isotropy can be
computed in O(M) runtime [119] and there are fast approximations for any β ≥ 1 [119]. This
is much faster than the generic O(M3 logM) expectation for EMD computations, motivating
further studies of these one-dimensional geometries.
3.2 Jet substructure observables
3.2.1 Jet angularities
Jet angularities are the energy-weighted angular moments of radiation within a jet [46] (see
also Refs. [43, 120, 121]). Here, we use the following definition of a recoil-free jet angularity:
λβ(J ) = min
nˆ
M∑
i=1
Ei θ
β
i , (3.19)
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where θi is the angular distance between particle i and an axis nˆ. The summand of an
angularity is the EMD from the jet to the axis, so we can follow the analogous logic from our
previous discussions of event shapes to reframe this observable in our geometric language.
Specifically, the recoil-free angularities are the closest distance between the jet and the 1-
particle manifold P1:
λβ(J ) = minJ ′∈P1 EMDβ(J ,J
′). (3.20)
One can alternatively consider a definition of angularities where θi is computed with respect
to a fixed jet axis. In that case, the angularities are the EMD from the jet to a 1-particle
configuration where the total energy of the jet is placed at the position of the desired axis.
3.2.2 N-subjettiness
N -subjettiness is a jet substructure observable that applies the ideas of N -jettiness at the level
of jet substructure [47, 48]. N axes are placed within the jet, with a penalty for having energy
far away from any axis, and then the positions of the axes are optimized. The (dimensionful)
N -subjettiness of a jet can be defined as follows:
τ
(β)
N (J ) = minnˆ1,··· ,nˆN
M∑
i=1
Ei min
(
θβi1, θ
β
i2, · · · , θβiN
)
, (3.21)
where θi1 through θiN are the angular distances between particle i and axes nˆ1 through nˆN .
The beam region is absent due to the fact that these observables are only defined using the
particles already within an identified jet.
We can find a geometric interpretation for N -subjettiness by using the analogous discus-
sion from N -jettiness in Sec. 3.1.4. N -subjettiness is the distance between the jet and the
manifold of all N -particle jets:
τ
(β)
N (J ) = minJ ′∈PN EMDβ(J ,J
′). (3.22)
As a limiting case, N = 1 corresponds to the jet angularities in Eq. (3.20).
In this way, we can view N -subjettiness values as “coordinates” for the space of jets,
defined as distances from each of the N -particle manifolds, illustrated in Fig. 6. The N -
subjettiness ratios τN/τN−1, used ubiquitously for jet substructure studies [122–124], are
then the relative distances between the manifolds PN and PN−1. This is also an interesting
way to interpret existing constructions of observable bases using N -(sub)jettiness [125–127];
the fact that multiple β values are typically needed for these constructions emphasizes that
the choice of ground metric affects the geometry of the space induced by the EMD.
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Figure 6: An illustration of N -subjettiness values as the smallest distances, as measured
by EMD, between the event E and each of the N -particle manifolds PN . The jet angularities
are the distances to the 1-particle manifold P1. These observables form a set of “coordinates”
for the space.
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PN
<latexit sha1_base64="S2WUimDJBNXM1022st+tc8cbSz0=">AAACCHicdVDLSgMxFL3js9ZXfezcBIvgqmS0VbsruHElFawttEPJpBkNZjJjkhHKMD/gD7jVP3Anbv0Lf8DvMDNVUNEDgcM593JPjh8Lrg3Gb87U9Mzs3Hxpoby4tLyyWllbv9BRoijr0EhEqucTzQSXrGO4EawXK0ZCX7Cuf32c+91bpjSP5LkZx8wLyaXkAafEWMkbhMRcUSLSdjY8HVaquNbAbrPRRBOyjy3Bbv2wcYDcGi5QbW1Cgfaw8j4YRTQJmTRUEK37Lo6NlxJlOBUsKw8SzWJCr8kl61sqSci0lxahM7RjlREKImWfNKhQv2+kJNR6HPp2Mg+pf3u5+JfXT0xw5KVcxolhkk4OBYlAJkJ5A2jEFaNGjC0hVHGbFdErogg1tqcfVwI2lmGclW0xX79H/5OLvZqLa+5Zvdo6mjQEJdiCbdgFFw6hBSfQhg5QuIF7eIBH5855cp6dl8nolPO5swE/4Lx+AEJLmzU=</latexit><latexit sha1_base64="S2WUimDJBNXM1022st+tc8cbSz0=">AAACCHicdVDLSgMxFL3js9ZXfezcBIvgqmS0VbsruHElFawttEPJpBkNZjJjkhHKMD/gD7jVP3Anbv0Lf8DvMDNVUNEDgcM593JPjh8Lrg3Gb87U9Mzs3Hxpoby4tLyyWllbv9BRoijr0EhEqucTzQSXrGO4EawXK0ZCX7Cuf32c+91bpjSP5LkZx8wLyaXkAafEWMkbhMRcUSLSdjY8HVaquNbAbrPRRBOyjy3Bbv2wcYDcGi5QbW1Cgfaw8j4YRTQJmTRUEK37Lo6NlxJlOBUsKw8SzWJCr8kl61sqSci0lxahM7RjlREKImWfNKhQv2+kJNR6HPp2Mg+pf3u5+JfXT0xw5KVcxolhkk4OBYlAJkJ5A2jEFaNGjC0hVHGbFdErogg1tqcfVwI2lmGclW0xX79H/5OLvZqLa+5Zvdo6mjQEJdiCbdgFFw6hBSfQhg5QuIF7eIBH5855cp6dl8nolPO5swE/4Lx+AEJLmzU=</latexit><latexit sha1_base64="S2WUimDJBNXM1022st+tc8cbSz0=">AAACCHicdVDLSgMxFL3js9ZXfezcBIvgqmS0VbsruHElFawttEPJpBkNZjJjkhHKMD/gD7jVP3Anbv0Lf8DvMDNVUNEDgcM593JPjh8Lrg3Gb87U9Mzs3Hxpoby4tLyyWllbv9BRoijr0EhEqucTzQSXrGO4EawXK0ZCX7Cuf32c+91bpjSP5LkZx8wLyaXkAafEWMkbhMRcUSLSdjY8HVaquNbAbrPRRBOyjy3Bbv2wcYDcGi5QbW1Cgfaw8j4YRTQJmTRUEK37Lo6NlxJlOBUsKw8SzWJCr8kl61sqSci0lxahM7RjlREKImWfNKhQv2+kJNR6HPp2Mg+pf3u5+JfXT0xw5KVcxolhkk4OBYlAJkJ5A2jEFaNGjC0hVHGbFdErogg1tqcfVwI2lmGclW0xX79H/5OLvZqLa+5Zvdo6mjQEJdiCbdgFFw6hBSfQhg5QuIF7eIBH5855cp6dl8nolPO5swE/4Lx+AEJLmzU=</latexit><latexit sha1_base64="XRFGeT5wxbjFGX0jGdNJkkuvYHw=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4GjLa2nZXcONKKtgHtEPJpJk2NJMZk4xQhvkBf8Ct/oE7cetf+AN+h5m2ghU9EDiccy/35HgRZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVuFsSS0RUIeyq6HFeVM0JZmmtNuJCkOPE473uQy8zv3VCoWils9jagb4JFgPiNYG8ntB1iPCeZJMx1cD4olZFeQU6/U4ZycI0OQU65WLqBjoxlKYIHmoPjZH4YkDqjQhGOleg6KtJtgqRnhNC30Y0UjTCZ4RHuGChxQ5Saz0Ck8McoQ+qE0T2g4U39uJDhQahp4ZjILqX57mfiX14u1X3MTJqJYU0Hmh/yYQx3CrAE4ZJISzaeGYCKZyQrJGEtMtOlp6YpPpyKI0oIp5vv38H/SPrMdZDs35VKjtqgoD47AMTgFDqiCBrgCTdACBNyBR/AEnq0H68V6td7mozlrsXMIlmC9fwHJkJrh</latexit>
E
<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>
(a)
E
<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>
PM 1
<latexit sha1_base64="1M0j37e4Az6Q6wCm8MyKfE+3RcE=">AAACDnicdVDLSgMxFL3js9ZXfezcBIvgxiGpj9ZdwY0boYJVoS0lk2Y0NJMZkoxShvkHf8Ct/oE7cesv+AN+h2mroKIHAodz7uWenCCRwliM37yJyanpmdnCXHF+YXFpubSyem7iVDPeZLGM9WVADZdC8aYVVvLLRHMaBZJfBP2joX9xw7URsTqzg4R3InqlRCgYtU7qllbaEbXXjMqskXezkx2Sd0tl7OODPVIhCPv7mNQqeEwOq7uI+HiEcn0dRmh0S+/tXszSiCvLJDWmRXBiOxnVVjDJ82I7NTyhrE+veMtRRSNuOtkoeo62nNJDYazdUxaN1O8bGY2MGUSBmxwGNb+9ofiX10ptWOtkQiWp5YqND4WpRDZGwx5QT2jOrBw4QpkWLiti11RTZl1bP66EfKCiJC+6Yr5+j/4n5xWfYJ+c7pXrtXFDUIAN2IRtIFCFOhxDA5rA4Bbu4QEevTvvyXv2XsajE97nzhr8gPf6AXAcnNQ=</latexit><latexit sha1_base64="1M0j37e4Az6Q6wCm8MyKfE+3RcE=">AAACDnicdVDLSgMxFL3js9ZXfezcBIvgxiGpj9ZdwY0boYJVoS0lk2Y0NJMZkoxShvkHf8Ct/oE7cesv+AN+h2mroKIHAodz7uWenCCRwliM37yJyanpmdnCXHF+YXFpubSyem7iVDPeZLGM9WVADZdC8aYVVvLLRHMaBZJfBP2joX9xw7URsTqzg4R3InqlRCgYtU7qllbaEbXXjMqskXezkx2Sd0tl7OODPVIhCPv7mNQqeEwOq7uI+HiEcn0dRmh0S+/tXszSiCvLJDWmRXBiOxnVVjDJ82I7NTyhrE+veMtRRSNuOtkoeo62nNJDYazdUxaN1O8bGY2MGUSBmxwGNb+9ofiX10ptWOtkQiWp5YqND4WpRDZGwx5QT2jOrBw4QpkWLiti11RTZl1bP66EfKCiJC+6Yr5+j/4n5xWfYJ+c7pXrtXFDUIAN2IRtIFCFOhxDA5rA4Bbu4QEevTvvyXv2XsajE97nzhr8gPf6AXAcnNQ=</latexit><latexit sha1_base64="1M0j37e4Az6Q6wCm8MyKfE+3RcE=">AAACDnicdVDLSgMxFL3js9ZXfezcBIvgxiGpj9ZdwY0boYJVoS0lk2Y0NJMZkoxShvkHf8Ct/oE7cesv+AN+h2mroKIHAodz7uWenCCRwliM37yJyanpmdnCXHF+YXFpubSyem7iVDPeZLGM9WVADZdC8aYVVvLLRHMaBZJfBP2joX9xw7URsTqzg4R3InqlRCgYtU7qllbaEbXXjMqskXezkx2Sd0tl7OODPVIhCPv7mNQqeEwOq7uI+HiEcn0dRmh0S+/tXszSiCvLJDWmRXBiOxnVVjDJ82I7NTyhrE+veMtRRSNuOtkoeo62nNJDYazdUxaN1O8bGY2MGUSBmxwGNb+9ofiX10ptWOtkQiWp5YqND4WpRDZGwx5QT2jOrBw4QpkWLiti11RTZl1bP66EfKCiJC+6Yr5+j/4n5xWfYJ+c7pXrtXFDUIAN2IRtIFCFOhxDA5rA4Bbu4QEevTvvyXv2XsajE97nzhr8gPf6AXAcnNQ=</latexit><latexit sha1_base64="hj95OHj0hMroDq1cRM0j1PsgHcY=">AAACDnicdVDLSgMxFM3UV62vVpdugkVw45DUauuu4MaNUMG2QltKJs20oZnMkGSUMsw/+ANu9Q/ciVt/wR/wO0wfghU9EDiccy/35HiR4Nog9OFklpZXVtey67mNza3tnXxht6nDWFHWoKEI1a1HNBNcsobhRrDbSDESeIK1vNHFxG/dMaV5KG/MOGLdgAwk9zklxkq9fKETEDOkRCT1tJdcHeO0ly8iF52VcQlD5J4iXC2hGTmvnEDsoimKYI56L//Z6Yc0Dpg0VBCt2xhFppsQZTgVLM11Ys0iQkdkwNqWShIw3U2m0VN4aJU+9ENlnzRwqv7cSEig9Tjw7OQkqP7tTcS/vHZs/Go34TKKDZN0dsiPBTQhnPQA+1wxasTYEkIVt1khHRJFqLFtLVzx2VgGUZqzxXz/Hv5PmiUXIxdfl4u16ryiLNgHB+AIYFABNXAJ6qABKLgHj+AJPDsPzovz6rzNRjPOfGcPLMB5/wL3YZyA</latexit>
PM 2
<latexit sha1_base64="3gY/SO2oHA68IZwcO6RtgSHQCVg="></latexit><latexit sha1_base64="3gY/SO2oHA68IZwcO6RtgSHQCVg="></latexit><latexit sha1_base64="3gY/SO2oHA68IZwcO6RtgSHQCVg="></latexit><latexit sha1_base64="ni32HDw/9v6EG6V3r1jIBqLCGqo=">AAACDnicdVDLSgMxFM3UV62vVpdugkVwY8m09rUruHEjVLAPaEvJpJk2NJMZkoxShvkHf8Ct/oE7cesv+AN+h5m2ghU9EDiccy/35DgBZ0oj9GGl1tY3NrfS25md3b39g2zusK38UBLaIj73ZdfBinImaEszzWk3kBR7DqcdZ3qZ+J07KhXzxa2eBXTg4bFgLiNYG2mYzfU9rCcE86gZD6Pr82I8zOZRAVXK9RKCqFBGdrVeNwShSq1UhLYhCfJgieYw+9kf+ST0qNCEY6V6Ngr0IMJSM8JpnOmHigaYTPGY9gwV2KNqEM2jx/DUKCPo+tI8oeFc/bkRYU+pmeeYySSo+u0l4l9eL9RubRAxEYSaCrI45IYcah8mPcARk5RoPjMEE8lMVkgmWGKiTVsrV1w6E14QZ0wx37+H/5N2sWCjgn1zkW/UlhWlwTE4AWfABlXQAFegCVqAgHvwCJ7As/VgvViv1ttiNGUtd47ACqz3LxThnJM=</latexit>
PM 3<latexit sha1_base64="hKmioshlCbd6kzWpkxthD+Id5FQ=">AAACDnicdVDLSgMxFL3j2/qqj52bYBHcWDLW2roruHEjVLBWaEvJpBkNzWSGJKOUYf7BH3Crf+BO3PoL/oDfYWaqYEUPBA7n3Ms9OV4kuDYYvztT0zOzc/MLi4Wl5ZXVteL6xqUOY0VZi4YiVFce0UxwyVqGG8GuIsVI4AnW9oYnmd++ZUrzUF6YUcR6AbmW3OeUGCv1i+vdgJgbSkTSTPvJ2X4l7RdLuFzF7nH1GI1JBVuC3cNa9Qi5ZZyj1NiCHM1+8aM7CGkcMGmoIFp3XByZXkKU4VSwtNCNNYsIHZJr1rFUkoDpXpJHT9GuVQbID5V90qBc/bmRkEDrUeDZySyo/u1l4l9eJzZ+vZdwGcWGSTo+5McCmRBlPaABV4waMbKEUMVtVkRviCLU2LYmrvhsJIMoLdhivn+P/ieXB2UXl93zw1KjPm4IFmAbdmAPXKhBA06hCS2gcAcP8AhPzr3z7Lw4r+PRKedrZxMm4Lx9AoqfnOU=</latexit><latexit sha1_base64="hKmioshlCbd6kzWpkxthD+Id5FQ=">AAACDnicdVDLSgMxFL3j2/qqj52bYBHcWDLW2roruHEjVLBWaEvJpBkNzWSGJKOUYf7BH3Crf+BO3PoL/oDfYWaqYEUPBA7n3Ms9OV4kuDYYvztT0zOzc/MLi4Wl5ZXVteL6xqUOY0VZi4YiVFce0UxwyVqGG8GuIsVI4AnW9oYnmd++ZUrzUF6YUcR6AbmW3OeUGCv1i+vdgJgbSkTSTPvJ2X4l7RdLuFzF7nH1GI1JBVuC3cNa9Qi5ZZyj1NiCHM1+8aM7CGkcMGmoIFp3XByZXkKU4VSwtNCNNYsIHZJr1rFUkoDpXpJHT9GuVQbID5V90qBc/bmRkEDrUeDZySyo/u1l4l9eJzZ+vZdwGcWGSTo+5McCmRBlPaABV4waMbKEUMVtVkRviCLU2LYmrvhsJIMoLdhivn+P/ieXB2UXl93zw1KjPm4IFmAbdmAPXKhBA06hCS2gcAcP8AhPzr3z7Lw4r+PRKedrZxMm4Lx9AoqfnOU=</latexit><latexit sha1_base64="hKmioshlCbd6kzWpkxthD+Id5FQ=">AAACDnicdVDLSgMxFL3j2/qqj52bYBHcWDLW2roruHEjVLBWaEvJpBkNzWSGJKOUYf7BH3Crf+BO3PoL/oDfYWaqYEUPBA7n3Ms9OV4kuDYYvztT0zOzc/MLi4Wl5ZXVteL6xqUOY0VZi4YiVFce0UxwyVqGG8GuIsVI4AnW9oYnmd++ZUrzUF6YUcR6AbmW3OeUGCv1i+vdgJgbSkTSTPvJ2X4l7RdLuFzF7nH1GI1JBVuC3cNa9Qi5ZZyj1NiCHM1+8aM7CGkcMGmoIFp3XByZXkKU4VSwtNCNNYsIHZJr1rFUkoDpXpJHT9GuVQbID5V90qBc/bmRkEDrUeDZySyo/u1l4l9eJzZ+vZdwGcWGSTo+5McCmRBlPaABV4waMbKEUMVtVkRviCLU2LYmrvhsJIMoLdhivn+P/ieXB2UXl93zw1KjPm4IFmAbdmAPXKhBA06hCS2gcAcP8AhPzr3z7Lw4r+PRKedrZxMm4Lx9AoqfnOU=</latexit><latexit sha1_base64="54XftPE8r2ieJirpNG/eYVMe4Mo=">AAACDnicdVDLSgMxFM34rPXV6tJNsAhuLBnb2nZXcONGqGAf0A5DJs20oZnMkGSUMsw/+ANu9Q/ciVt/wR/wO0wfghU9EDiccy/35HgRZ0oj9GGtrK6tb2xmtrLbO7t7+7n8QVuFsSS0RUIeyq6HFeVM0JZmmtNuJCkOPE473vhy6nfuqFQsFLd6ElEnwEPBfEawNpKby/cDrEcE86SZusn1WSl1cwVUrCC7XqnDOSkhQ5BdrlYuoF1EMxTAAk0399kfhCQOqNCEY6V6Noq0k2CpGeE0zfZjRSNMxnhIe4YKHFDlJLPoKTwxygD6oTRPaDhTf24kOFBqEnhmchpU/fam4l9eL9Z+zUmYiGJNBZkf8mMOdQinPcABk5RoPjEEE8lMVkhGWGKiTVtLV3w6EUGUZk0x37+H/5P2edFGRfumXGjUFhVlwBE4BqfABlXQAFegCVqAgHvwCJ7As/VgvViv1tt8dMVa7ByCJVjvXxHznJE=</latexit>
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(b)
Figure 7: An illustration of jet clustering algorithms as projections to N -particle manifolds
PN in the space of events. (a) Exclusive cone finding algorithms yield N jets as the closest N -
particle approximation to the event, as measured by the EMD. (b) Sequential recombination
algorithms iteratively find the best (M − 1)-particle approximation to the M -particle event,
either (dashed) merging two particles or (solid) removing a particle and calling it a jet.
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4 Jets: The closest N-particle description of an M-particle event
In this section, we turn our attention to how jets are defined. We interpret two of the most
common classes of jet algorithms as simple geometric constructions in the space of events.
Intuitively, we find that jets are the best N -particle approximation to an M -particle event.
Many existing techniques naturally emerge from this simple principle in fascinating ways.
First, we discuss exclusive cone finding, as this technique corresponds exactly to the
intuition above that jets approximate the energy flow of an event using a smaller number
of particles. Next, we show that many sequential recombination algorithms can be derived
by iteratively approximating an M -particle event using M − 1 particles. These jet-finding
strategies are illustrated in Fig. 7 as projections to N -particle manifolds in the space of events.
4.1 General N : Exclusive cone finding
XCone [49, 50] is an exclusive cone finding algorithm that seeks to find jets by minimizing
N -jettiness. It returns a fixed number of jets based on the parameters N and R, in the
same spirit as the exclusive version of the kt sequential recombination algorithm [51]. XCone
proceeds by finding the N axes that minimize N -jettiness as defined in Eq. (3.15):
argmin
nˆ1,··· ,nˆN
M∑
i=1
Ei min
(
1,
θβi1
Rβ
,
θβi2
Rβ
, · · · , θ
β
iN
Rβ
)
. (4.1)
Together with the energy assigned to those axes, or equivalently the set of particles mapped
to each axis, the N axes from Eq. (4.1) define N jets. The jet radius parameter R controls
which particles are not assigned to any jet (i.e. assigned to the beam region). Following the
discussion in Sec. 3.1.4, Eq. (4.1) can be interpreted as finding the N -particle configuration
that best approximates the event of interest.
In our geometric language, we can cast XCone as identifying the point of closest approach
between an event E and the N -particle manifold PN :
J XConeN,β,R (E) = argminJ∈PN
EMDβ,R(E ,J ). (4.2)
Different variants of XCone correspond to different choices for the energy weight Ei and the
angular measure θij [49, 118], which in turn correspond to different choices for what defines
the “best” N -particle approximation to an event.
As discussed in Ref. [128], there is a close relationship between exclusive cone finding
algorithms, stable cone algorithms [129–131], and jet maximization algorithms [132–136]. For
the choice of β = 2, the jet axis aligns with the jet momentum direction, which is known as
the stable cone criterion [129, 130]. For N = 1, one can relate the optimization problem in
Eq. (4.2) to maximizing a “jet function” over all possible partitions of an event into one in-jet
region and one out-of-jet region [132]. Iteratively applying the N = 1 procedure is related to
the SISCone algorithm with progressive jet removal [131]. All of these various algorithms can
now be interpreted in our geometric picture as different ways to “project” the event E onto
the N -particle manifold PN .
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4.2 N = M − 1: Sequential recombination
Sequential recombination algorithms are a class of jet clustering algorithms that have seen
tremendous use at colliders, particularly the anti-kt algorithm [137] which is the current
default jet algorithm at the LHC. These methods utilize an interparticle distance dij , a
particle-beam distance diB, and a recombination scheme for merging two particles. The
algorithm proceeds iteratively by finding the smallest distance, combining particle i and j if
it is a dij , or calling i a jet and removing it from further clustering if it is a diB.
There are a variety of distance measures and recombination schemes that appear in the
literature, many of which are implemented in the FastJet library [138]. The most commonly
used distance measures take the form:
dij = min
(
E2pi , E
2p
j
) θ2ij
R2
, diB = E
2p
i , (4.3)
where p is an energy weighting exponent and R is the jet radius. The exponent p = 1
corresponds to kt jet clustering [51, 52], p = 0 corresponds to Cambridge/Aachen (C/A)
clustering [139, 140], and p = −1 corresponds to anti-kt clustering [137]. The recombination
scheme determines the energy Ec and direction nˆc of the combined particle and typically
takes the form:
Ec = Ei + Ej , nˆc =
Eκi nˆi + E
κ
j nˆj
Eκi + E
κ
j
, (4.4)
where κ = 1 corresponds the E-scheme (most typically used), κ = 2 is the E2-scheme [51, 141],
and κ→∞ is the winner-take-all scheme [43, 53, 54]. In the E-scheme, the four-momenta of
the two particles are simply added.9 In the winner-take-all scheme, the direction is determined
by the more energetic particle.
The conceptual and algorithmic richness of these different distance measures and recom-
bination schemes arose from decades of phenomenological studies. Remarkably, many of these
techniques naturally emerge from event space geometry, as finding the point on the (M − 1)-
particle manifold PM−1 that is closest to configuration E with M particles. Note that the
sequential recombination algorithms in Eqs. (4.3) and (4.4) depend on the two parameters
p and κ, whereas Eq. (4.6) depends only on β, so the logic below will only identify a one-
dimensional family of jet algorithms, as summarized in Table 5.
To derive this connection between event geometry and sequential recombination, we need
the following simple yet profound lemma, using the suggestive notation of diB and dij to refer
to the EMD cost of rearrangement.
9One has to be a bit careful about the interpretation of jet masses in the E-scheme. In the discussion
below, the combined particle is interpreted as a massless four-vector. For the angular distance in Eq. (1.4),
the direction nˆi is the same for massless and massive particles, so one can consistently assign the mass of the
jet to be the invariant mass of the summed jet constituents. For the rapidity-azimuth distance typically used
at hadron colliders, though, the rapidity of a particle depends on its mass, so one has to be careful about
whether one is talking about a light-like jet axis or a massive jet when discussing the E-scheme. See further
discussion in App. A.
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EMDβ,R Name Measure dij diB Name Scheme λ
∗
0 < β < 1 Gen. kt min(Ei, Ej)
θβij
Rβ
Ei Winner-take-all argmin(Ei, Ej)
β = 1 kT min(Ei, Ej)
θij
R Ei Winner-take-all argmin(Ei, Ej)
β = 32 ?
EiEj√
E2i +E
2
j
θ
3
2
ij
R
3
2
Ei E
2-scheme
E2j
E2i +E
2
j
β = 2 ?
EiEj
Ei+Ej
θ2ij
R2
Ei E-scheme
Ej
Ei+Ej
β →∞ C/A θij2R 1 ? 12
Table 5: Different sequential recombination measures dij and recombination schemes λ
∗
that emerge from an EMD formulation. A question mark indicates a method that, to our
knowledge, does not yet appear in the literature. The traditional definitions of generalized
kt and C/A require squaring dij and diB. Note the factor of 2 in the C/A effective jet radius
parameter.
Lemma 2. As measured by the EMD, the closest (M − 1)-particle event to an M -particle
event has, without loss of generality, either:
(a) Two of the particles in the event merged together.
(b) One of the particles in the event removed.
Proof. Removing a particle from the event has some EMD cost diB and merging a pair of
particles has a some EMD cost dij . To reduce the number of particles in the event by one,
one can either remove a particle or merge two particles. Altering more than two particles
by (re)moving fractions of additional particles always incurs additional EMD costs. If there
are multiple pairs that are zero distance apart, then we can without loss of generality always
choose to only merge one pair.
The two options in this lemma correspond precisely to the two possible actions at each
stage of a sequential recombination algorithm. The EMD cost of removing a particle is always
diB = Ei. (4.5)
If this is less than the cost of merging two particles together, then particle i can be identified
as a jet. For one step of a sequential recombination (SR) procedure applied to an event E
with M particles, we can express this step mathematically as:
J SRβ,R(E) = E − argminE ′∈PM−1
EMDβ,R(E , E ′). (4.6)
In our geometric picture, if the M particle event is “far away” from the (M − 1)-particle
manifold PM−1, then the projected difference is a jet.
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On the other hand, if the cost of merging two particles is less than any of the particle
energies, then the event is “close” to the (M − 1)-particle manifold. Consider a pair of
particles with energies Ei and Ej separated by a distance θij . To find the best (M − 1)-
particle approximation, we want to merge these two particles into one combined particle
with energy Ei + Ej . Because the EMD is a metric, the optimal transportation plan must
occur along a “geodesic” connecting the particles, with particle i moving a distance λ θij and
particle j moving a distance (1−λ) θij for some λ ∈ [0, 1].10 Minimizing this cost with respect
to λ yields both the cost of merging those two particles as well as the optimal recombination
scheme with which to merge them. Because no energy is removed in this process, Eq. (4.6)
yields a zero energy jet, which we can interpret as no jet being found at this step of the
sequential recombination.
The cost of merging particles i and j depends on the jet radius parameter R and angular
exponent β:
dij = min
λ
[
Ei
(
λ
θij
R
)β
+ Ej
(
(1− λ) θij
R
)β]
. (4.7)
For β ≤ 1, the cost in Eq. (4.7) is minimized at the endpoints. This corresponds to moving
the less energetic particle the entire distance θij to the more energetic particle, which is the
precisely behavior of the winner-take-all recombination scheme. For β > 1, the optimal value
λ∗ can be found by differentiating Eq. (4.7) with respect to λ and setting the result equal to
zero. In general, the optimal recombination scheme has:
0 < β ≤ 1 : λ∗ = 1 if Ei < Ej , else 0,
β > 1 : λ∗ =
1
1 +
(
Ei
Ej
) 1
β−1
. (4.8)
To determine the actual cost, we substitute this λ∗ back into Eq. (4.7):
β ≤ 1 : dij = min(Ei, Ej)
θβij
Rβ
,
β > 1 : dij =
EiE
β
β−1
j + E
β
β−1
i Ej(
E
1
β−1
i + E
1
β−1
j
)β θβijRβ . (4.9)
If all dij values in Eq. (4.9) are smaller than all particle energies in Eq. (4.5), then the optimal
transportation plan is to merge particles i and j.
In this way, Eq. (4.6) takes an M -particle event and returns a jet (with zero energy if
no actual jet is found) plus the remaining (M − 1)-particle approximation. This corresponds
10This linear decomposition of the distance does not hold for a general ground metric. However, it does hold
when using the rapidity-azimuth distance, the opening-angle on the sphere, the small angle limit of Eq. (1.4),
or the improved θij distance with particle masses in App. A.
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exactly to one step of a sequential clustering procedure. Iterating this procedure until M = 1,
we derive a sequential recombination jet algorithm, where the jets correspond to all of the
positive energy configurations obtained from Eq. (4.6).
Many existing methods reside within the simple framework of Eq. (4.6). For instance,
β = 1 corresponds to kt jet clustering with winner-take-all recombination. The recombination
scheme for β = 2 is the E-scheme, whereas for β = 32 it is the E
2-scheme. Raising the distance
measures to the 1/β power and taking the β →∞ limit, we obtain the C/A clustering metric,
albeit with an effective jet radius that is twice the R parameter. There are also a number of
methods, indicated as question marks in Table 5, that emerge from this reasoning yet do not
presently appear in the literature. Exploring these new methods is an interesting avenue for
future work.
Intriguingly, in this geometric picture, the distance measure dij and the recombination
scheme λ∗ are paired by the β parameter. A similar pairing was noted in Refs. [49, 142]
in the context of choosing approximate axes for computing N -(sub)jettiness, and it would
be interesting to explore the phenomenological implications of these paired choices for jet
clustering. One sequential combination algorithm that does not appear is anti-kt. Given that
anti-kt is a kind of hybrid between sequential recombination and cone algorithms, there may
be a way to combine the logic of Secs. 4.1 and 4.2 to find a geometric phrasing of anti-kt.
If successful, such a geometric construction would likely illuminate the difference between
exclusive jet algorithms like XCone that find a fixed number of jets N and inclusive jet
algorithms like anti-kt that determine N dynamically.
5 Pileup subtraction: Moving away from uniform events
The LHC era has brought with it new collider data analysis challenges. One notable example
is pileup mitigation [60], removing the diffuse soft contamination from additional uncorrelated
proton-proton collisions. The radiation from pileup interactions is approximately uniform in
the rapidity-azimuth plane, and several existing pileup mitigation strategies seek to remove
this uniform distribution of energy from the event [55, 58, 59, 143–148].
In this section, inspired by the approximate uniformity of pileup, we consider a class
of pileup removal procedures that can be described as “subtracting” a uniform distribution
of energy with density ρ, denoted ρU , from a given event. We take the pileup density per
unit area ρ to be given, for instance, by the area-median approach [55]. Given an event flow
E , the subtracted distribution E − ρU is typically not a valid energy flow, since the local
energy density can go negative. Therefore, to implement this principle at the level of energy
distributions, we turn this logic around and declare the corrected event EC to be one that is
as close as possible to the given event E when uniform radiation ρU is added to it:
EC(E , ρ) = arg min
E ′∈Ω
EMDβ(E , E ′ + ρU). (5.1)
Here, Ω refers to the complete space of energy flows, and the R→∞ limit of the EMD from
Eq. (3.1) enforces that the corrected distribution EC has the correct total energy.
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Figure 8: A visualization of pileup subtraction in the space of events as moving away from
uniform radiation. This proceeds by finding the event EC that, when combined with uniform
contamination ρU , is most similar to the given event E . Different pileup mitigation strategies
implement this removal in different ways. In the figure above, Ω refers to the space of all
energy flows and Ω +ρU is a subset of that space obtained by adding uniform contamination
to every event configuration (shown as a separate manifold for ease of visualization).
As illustrated in Fig. 8, one can visualize Eq. (5.1) as a procedure that subtracts a uniform
component from the energy flow. To make contact with existing techniques, we show that
area-based Voronoi subtraction [55, 56, 138] and ghost-based constituent subtraction [58] can
be cast in the form of Eq. (5.1) in the low-pileup limit. We then develop two new pileup
mitigation techniques that have optimal transport interpretations even away from the low-
pileup limit: Apollonius subtraction, which corresponds to exactly implementing Eq. (5.1)
for β = 1, and iterated Voronoi subtraction, which repeatedly applies Eq. (5.1) with an
infinitesimal ρ. Since pileup is characteristic of a hadron collider, throughout this section we
compute the EMD using particle transverse momenta pT,i and rapidity-azimuth coordinates
nˆi = (yi, φi), with θij being the rapidity-azimuth distance. Typically, pileup is taken to be
uniform in a bounded region of the plane (e.g. |y| < ymax), though the specifics will not
significantly affect our analysis. First, though, we establish an important lemma that justifies
why the corrected distribution EC has a particle-like interpretation.
5.1 A property of semi-discrete optimal transport
There is a direct connection between pileup subtraction in Eq. (5.1) and semi-discrete optimal
transport [149]. Semi-discrete means that we are comparing a discrete energy flow (i.e. one
composed of individual particles) to a smooth distribution (i.e. uniform pileup contamination).
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Importantly, if E is discrete, then the corrected distribution EC will also be discrete. This
can be proved via the following lemma.
Lemma 3. EC defined according to Eq. (5.1) is strictly contained in E, where containment
here means that E −EC is a valid distribution with non-negative particle transverse momenta.
Proof. Suppose for the sake of contradiction that EC is defined according to Eq. (5.1) has
some support where E does not. Let E˜ be the distribution that EC flows to when EC + ρU
is optimally transported to E , noting that by definition, E˜ must be contained in E . By the
linear sum structure of Eq. (3.2) [150], we have the following relation:
EMDβ(E , EC + ρU) = EMDβ(E˜ , EC) + EMDβ(E − E˜ , ρU). (5.2)
Now using the following property of EMDβ inherited from Wasserstein distances [149]:
EMDβ(E ,F) ≥ EMDβ(E + G,F + G), (5.3)
with equality if β = 1 and the ground metric is Euclidean, we add E˜ to both arguments of
the last term in Eq. (5.2) and apply Eq. (5.3) to find:
EMDβ(E , EC + ρU) ≥ EMDβ(E˜ , EC) + EMDβ(E , E˜ + ρU). (5.4)
Now using that EMDβ(E˜ , EC) > 0 by the assumption that they have different supports as
well as the non-negativity of the EMD, we find:
EMDβ(E , EC + ρU) > EMDβ(E , E˜ + ρU), (5.5)
which contradicts the assumption that EC is found according to Eq. (5.1). Thus, we conclude
that EC has no support outside of the support of E , verifying the claim.
This lemma establishes that pileup mitigation strategies defined by Eq. (5.1) act by
scaling the energies of the particles in the original event E , not by producing new particles.
Indeed, this is a desirable feature of many popular pileup mitigations schemes, including two
well-known methods that we describe next.
5.2 Voronoi area subtraction
Voronoi area subtraction [55, 56, 138] is a pileup mitigation technique that estimates a
particle’s pileup contamination by associating it with an area determined by its corresponding
Voronoi region, or the set of points in the plane closer to that particle than any other [151].
Letting AVor.i be the area of the Voronoi region of particle i, Voronoi subtraction then simply
removes ρAVor.i from each particle’s transverse momentum, without letting the particle pT
become negative. If ρAVor.i ≥ pT,i then the particle is removed entirely. In Fig. 9a, we show
the Voronoi regions for an example jet recorded by the CMS detector [25, 152].
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(a) Voronoi (b) Constituent Subtraction (c) Apollonius
Figure 9: Three pileup subtraction procedures shown for a jet from the 2011A CMS Jet
Primary Dataset. The jet constituents are shown as gray disks at their locations in the
rapidity-azimuth plane with sizes proportional to their transverse momenta. The boundary
is at a distance R = 0.5 from the jet axis at the center. The color intensity of each region
is proportional to its area, which determines the size of the pileup correction. The Voronoi
diagram (a) is independent of ρ. The constituent subtraction (b) and Apollonius (c) diagrams
are determined using a ρ that corresponds to subtracting one-tenth of the total scalar pT of
the jet.
Voronoi area subtraction (VAS) can be thought of as carving up the uniform event ρU
according to the original event’s Voronoi diagram and transporting this energy to the location
of the corresponding particle, yielding the corrected energy flow:
EVAS(nˆ) =
M∑
i=1
max
(
pT,i − ρAVor.i , 0
)
δ(nˆ− nˆi). (5.6)
Strictly speaking, Voronoi area subtraction does not satisfy exact IRC invariance (see Eqs. (2.1)
and (2.2)) and thus it cannot in general be written as operating on energy flows. The reason
is that an exact IRC splitting changes the number of Voronoi regions as well as their areas. In
order for Eq. (5.6) to be valid, we therefore assume that particles with exactly zero transverse
momentum are removed and exactly coincident particles are combined before applying the
Voronoi area subtraction procedure.
In the limit that ρ ≤ pT,i/AVor.i for all particles i, the max in Eq. (5.6) evaluates to
just its first argument. In this case, since no particle is assigned a larger correction than its
own transverse momentum, the Voronoi diagram gives the optimal transportation plan that
minimizes the EMD of moving the uniform event with density ρ onto the event of interest:
ρ ≤ min{pT,i/AVor.i } : EVAS = arg minE ′∈Ω EMD1(E , E ′ + ρU). (5.7)
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Thus, in this small-pileup limit, Eq. (5.6) agrees with Eq. (5.1) with β = 1. Despite this
attractive geometric interpretation, Voronoi area subtraction beyond this limit is sensitive to
arbitrarily soft particles: the amount that is subtracted depends only on particle positions,
through their Voronoi areas, and not their transverse momenta.
5.3 Constituent subtraction
Constituent subtraction [58] is another pileup mitigation method that resolves several patholo-
gies of Voronoi area subtraction by correcting the particles in a manner that depends on both
their positions and their transverse momenta.11 This comes at the cost of requiring a fine
grid of low energy “ghost” particles with pgT = ρA
ghost, where Aghost is the area assigned to
each ghost, as a proxy for the pileup contamination. The algorithm is applied by considering
the geometrically closest ghost-particle pair k, i and modifying them via:
pT,i → max(pT,i − pgT,k, 0), pgT,k → max(pgT,k − pT,i, 0), (5.8)
continuing until all such pairs have been considered. Since the number of ghosts is typically
large in order to have fine angular granularity, this iteration through all ghost-particle pairs
can be computationally expensive.
Constituent subtraction (CS) in the continuum ghost limit can be geometrically described
by placing circles around each point in the rapidity-azimuth plane and simultaneously increas-
ing their radii. Each point in the plane is assigned to the particle whose circle reaches it first.
Circles stop growing when ACSi , the area assigned to particle i, grows larger than pT,i/ρ. We
can write the resulting distribution as:
ECS(nˆ) =
M∑
i=1
(
pT,i − ρACSi
)
δ(nˆ− nˆi). (5.9)
Unlike naive Voronoi area subtraction, continuum constituent subtraction satisfies exact IRC
invariance, since a zero energy particle has zero ACS and an exact collinear splitting yields
two areas that sum to the original ACS. Constituent subtraction is also better suited for
intermediate values of ρ, where particles can be fully removed, since further corrections are
distributed to the next closest particle instead of being ignored as in Voronoi area subtraction.
Due to the complicated shapes of the corresponding regions, it is difficult to describe
the areas ACSi analytically and in practice they need to be estimated using numerical ghosts.
An example of constituent subtraction is shown in Fig. 9b, where it can be seen that some
region boundaries are straight and thus contained in the Voronoi diagram of Fig. 9a. Indeed,
growing circles from a set of points and assigning points in the plane according to which
circle reaches them first is another way of describing the construction of a Voronoi diagram.
Regions with circular boundaries correspond to softer particles that are fully subtracted by
the constituent subtraction procedure.
11In this discussion, we focus on the α = 0 case of constituent subtraction, as recommended by Ref. [58].
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When ρ is sufficiently small such that no particle’s region has a circular boundary
(i.e. no circle stops growing), constituent subtraction is exactly equivalent to Voronoi area
subtraction. Constituent subtraction in the low-pileup limit is then also equivalent to opti-
mally transporting the uniform event with density ρ to the event of interest and subtracting
accordingly, again in line with Eq. (5.1) with β = 1:
ρ ≤ min{pT,i/AVor.i } : ECS = arg minE ′∈Ω EMD1(E , E ′ + ρU). (5.10)
Constituent subtraction can also be extended with a ∆Rmax parameter to restrict ghosts
from affecting distant particles. Our geometric formalism can also encompass this locality by
re-introducing the R-parameter to the EMD in Eq. (5.10) with R = ∆Rmax.
5.4 Apollonius subtraction
Voronoi area subtraction and constituent subtraction both make contact with Eq. (5.1) in
the small-ρ limit, but we would like to explore pileup subtraction based on optimal transport
for all values of ρ. By Lemma 3, we know that the corrected event is contained in the
original event, and by the decomposition properties of the EMD in Eq. (5.2), we only need
to consider the transport of ρU to E . Since the total transverse momenta of ρU and E are
generally different, this is now an example of a semi-discrete, unbalanced optimal transport
problem [153, 154].
The problem of minimizing the EMD between a uniform distribution and an event is
solved, for general β, by a generalized Laguerre diagram [154]. For the special case of β = 1,
which we focus on here, this is also known as the Apollonius diagram (or additively weighted
Voronoi diagram) [149, 155, 156], and for β = 2 it is a power diagram [157]. An Apollonius
diagram in the plane is constructed from a set of points nˆi that each carry a non-negative
weight wi that is the i
th component of a vector w ∈ RM+ . In the two-dimensional Euclidean
plane, the Apollonius region associated to particle i depending on w is:
RApoll.i (w) =
{
nˆ ∈ R2 ∣∣ ‖nˆ− nˆi‖ − wi ≤ ‖nˆ− nˆj‖ − wj , ∀ j 6= i} , (5.11)
where particle indices i, j = 1, . . . ,M and ‖ · ‖ is the Euclidean norm. One interpretation of
Eq. (5.11) is that region i is all points closer to a circle of radius wi centered at nˆi than to
the corresponding circle for any other particle. The boundaries of the Apollonius regions are
contained in the set {nˆ ∈ R2 | ‖nˆ− nˆi‖− ‖nˆ− nˆj‖ = wi −wj}, which is a union of hyperbolic
segments. Note that adding the same constant to all of the weights does not change the
resulting Apollonius diagram. Hence, if all the weights are equal, they can equivalently be
set to zero and we attain the Voronoi diagram as a limiting case of an Apollonius diagram.
We can now specify the action of Apollonius subtraction on an event using the areas of
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the Apollonius regions subject to the minimal EMD requirement:
EApoll.(nˆ) =
M∑
i=1
(
pT,i − ρAApoll.i (w∗)
)
δ(nˆ− nˆi), (5.12)
w∗ = arg min
w∈RM+
M∑
i=1
EMD1,R
(
{pT,i, nˆi}, ρRApoll.i (w)
)
, (5.13)
treating ρRApoll.i (w) as an event with uniform energy density ρ in that Apollonius region.
Here, Eq. (5.12) is analogous to Eqs. (5.6) and (5.9), and Eq. (5.13) implements the require-
ment that the EMD of the subtraction is minimal. Note that the R parameter in Eq. (5.13)
serves only to guarantee that it is more efficient to transport energy rather than create/destroy
it. As long as 2R is greater than the diameter of the space, R has no impact on the solution
other than to guarantee that ρAApoll.i (w
∗) does not exceed pT,i, as this would be less efficient
than transporting the excess energy elsewhere. An example of an Apollonius diagram is
shown in Fig. 9c, where hyperbolic boundaries of the Apollonius regions are clearly seen in
the outer part of the jet and straight boundaries, matching those of the Voronoi diagram, are
seen near the core.
In this way, Apollonius subtraction generalizes Voronoi area and constituent subtraction
beyond the small-pileup limit, directly implementing Eq. (5.1) for β = 1 for all values of ρ:
EApoll. = arg min
E ′∈Ω
EMD1(E , E ′ + ρU). (5.14)
While the optimal solution in Eq. (5.13) is based on an unbalanced optimal transport problem,
the restatement in Eq. (5.14) corresponds to balanced transport. This same connection
underpins Lemma 3, guaranteeing that the corrected event in Eq. (5.12) involves the same
M directions as the original event, just with different weights.
To turn Eq. (5.14) into a practical algorithm, we would need an efficient way to compute
the weights according to Eq. (5.13). While Refs. [153, 154] have developed the theoretical
framework of semi-discrete, unbalanced optimal transport needed to solve this convex min-
imization problem, they stop short of describing easily-implementable algorithms to attain
practical solutions. In order to create Fig. 9c, we were limited to using numerical ghosts to
directly solve for the transport plan that minimizes the EMD cost of subtracting the uniform
energy component from the event, which is too computationally costly for LHC applications.
If the target areas AApoll.i are previously specified, then the solution to Eq. (5.13) simpli-
fies [149]. Given that the areas depend nontrivially on the resulting weight vector, though,
the only case where we know them ahead of time is when ρ is such that all of the energy
will be exactly subtracted, in which case AApoll.i = pT,i/ρ. Though this is not so useful for
pileup, where we typically want to subtract an amount of energy less than the total, it does
indicate that an Apollonius diagram can be found and used to compute the event isotropy
from Sec. 3.1.5 without the use of numerical ghosts. We leave the implementation of such a
procedure to future work, though we note that Ref. [149] has already built an implementation
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that relies on numerical ghosts to estimate the areas of the Apollonius regions rather than
solving for them analytically.
5.5 Iterated Voronoi subtraction
Given the difficulty of analytically solving Eq. (5.13) and thus implementing Apollonius sub-
traction, we now develop an alternative method called iterated Voronoi subtraction that gives
up a global notion of minimizing EMD but retains a local one. In all three methods described
above, the difficulty comes when a particle is removed in the course of subtracting pileup.
Otherwise, the above methods all reduce to subtracting transverse momentum according to
the Voronoi areas of the regions corresponding to the particles, as in Eq. (5.7). This suggests
a procedure in which pileup is subtracted according to Eq. (5.1) an infinitesimal amount at
a time, thus ensuring that Eq. (5.7) can be used at every stage of the procedure.
The area of the Voronoi cell of particle i is now a function of the total amount of energy
density that has been subtracted thus far, a quantity that starts at zero and will be integrated
up to the target ρtot over the course of the procedure. When a particle loses all of its transverse
momentum, it is removed from the Voronoi diagram and is considered to have zero area
associated to it. The removal of a particle from the diagram changes the Voronoi regions of
all of its neighbors, and their areas are updated accordingly. Denoting the area associated to
particle i after ρ worth of energy density has been subtracted as AIVSi (ρ), we can write the
corrected distribution for iterated Voronoi subtraction (IVS) as:
EIVS(nˆ) =
M∑
i=1
(
pT,i −
∫ ρtot
0
dρAIVSi (ρ)
)
δ(nˆ− nˆi). (5.15)
Unlike Eqs. (5.12) and (5.13), Eq. (5.15) naturally lends itself to a simple and efficient
implementation. We can iteratively solve for AIVSi (ρ) using the fact that the areas correspond
to Voronoi regions, and furthermore that these regions change only when a particle is removed.
Let E(0) be the initial event consisting of particles with transverse momenta p(0)T,i in Voronoi
regions with area A
(0)
i . We subtract a total energy density ρ
tot by breaking up the integral
in Eq. (5.15) starting with ρ(0) = 0 and determining the boundaries from:
ρ(n) = max
{
ρ
∣∣∣∣∣ 0 ≤ ρ ≤ ρtot −
n−1∑
i=0
ρ(i) s.t. ρA
(n−1)
j ≤ p(n−1)T,j ∀ j
}
, (5.16)
where n starts at 1 and goes up to at most M . The values of ρ(n) can be expressed simply as:
ρ(n) = min
min
 p
(n−1)
T,j
A
(n−1)
j
 , ρtot −
n−1∑
i=0
ρ(i)
 , (5.17)
where the inner minimum is taken over all remaining particles with p
(n−1)
T,j > 0.
The updated particle momenta from each piece of the integral in Eq. (5.15) are then:
p
(n)
T,i = p
(n−1)
T,i − ρ(n)A(n−1)i , (5.18)
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and a particle is considered removed if its transverse momentum is zero, in which case it is
also considered to have zero area. The areas A
(n)
i are determined by the Voronoi diagram
of E(n). The above procedure terminates either when the total amount of energy density
removed is equal to ρtot or there are no more particles left in the event. Thus, iterated
Voronoi subtraction makes contact with the geometric perspective of Eq. (5.1), applying it in
infinitesimal increments, resulting in the discrete steps:
E(n)IVS = arg minE ′∈Ω
EMD1(E(n−1), E ′ + ρ(n) U). (5.19)
Said another way, this is simply a repeated application of Voronoi area subtraction: subtract
until a particle reaches zero momentum, and repeat until the desired energy density has been
removed.
Iterated Voronoi subtraction is made even more attractive computationally when one
considers that the Voronoi diagram of E(n) does not need to be recomputed from scratch.
Rather, it can be obtained from the Voronoi diagram of E(n−1) by removing a site and updating
only the neighboring regions. Thus, we only need to construct the Voronoi diagram of E(0) and
each removal can be done in constant (amortized) time as the average number of neighbors of
any cell is no more than 6 [151]. We have constructed an implementation of iterated Voronoi
subtraction that interfaces with FastJet and will explore its phenomenological properties in
future work.
6 Theory space
When do two theories give rise to similar signatures? In this section, we seek to generalize
the intuition behind the EMD to obtain a metric between theories using their predicted cross
sections in energy flow space. A construction of such a distance and the induced “theory
space” is conceptually useful and, in fact, naturally underpins several recently introduced
techniques for collider physics.
We introduce the cross section mover’s distance (ΣMD) as a metric for the space of
theories. Here, we treat a “theory” as an ensemble of event energy flows with corresponding
cross sections, encompassing both the predictions of quantum field theories as well as the
structure of collider datasets. To accomplish this, we again make use of an EMD-like
construction, except the ΣMD uses the EMD itself as the “angles” and the event cross sections
as the “energies”, as mentioned in Table 2. The resulting space of theories with the ΣMD as
a metric is illustrated in Fig. 10. Interestingly, Ref. [158] also put a metric on theory space
by using the Fisher information matrix.
6.1 Introducing a distance between theories
A “theory” T is taken to be a (finite, for now) set of events with associated cross sections
{(Ei, σi)}Ni=1. We can equivalently view T as a distribution over the space of event configura-
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Figure 10: An illustration of the space of theories. Each point in the space is a “theory”:
a distribution over (or collection of) events, as indicated by the blue point. The distance
between theories is quantified by the ΣMD, giving rise to a metric space.
tions E :
T (E) =
N∑
i=1
σi δ(E − Ei). (6.1)
In the case of unweighted events, the cross sections are simply σi = 1/L, where L is the total
integrated luminosity. One can think of these N events as being produced by a perfect event
generator or measured by a perfect collider experiment in the context of this theory. In the
L → ∞ or N →∞ limit, Eq. (6.1) becomes a smooth distribution.
The ΣMD is the minimum “work” required to rearrange one theory T into another T ′
by moving cross section Fij from event i in one theory to event j in the other:
ΣMDγ,S;β,R(T , T ′) = min{Fij≥0}
N∑
i=1
N ′∑
j=1
Fij
(
EMDβ,R(Ei, E ′j)
S
)γ
+
∣∣∣∣∣∣
N∑
i=1
σi −
N ′∑
j=1
σ′j
∣∣∣∣∣∣ , (6.2)
N∑
i=1
Fij ≤ σ′j ,
N ′∑
j=1
Fij ≤ σi,
N∑
i=1
N ′∑
j=1
Fij = min
 N∑
i=1
σi,
N ′∑
j=1
σ′j
 . (6.3)
Here, i and j index the events in theories T and T ′, respectively. The parameter S, which
has the same units as the EMD, controls the relative importance of the two terms, analogous
to the jet radius parameter R in the EMD. We have also introduced a possible γ exponent,
analogous to the β angular exponent in the EMD.
The ΣMD has dimensions of cross section, where the first term quantifies the difference
in event distributions and the second term accounts for the creation or destruction of cross
– 39 –
section. For γ > 0, it is a true metric as long as the underlying EMD is a metric and 2S is
larger than the largest attainable EMD between two events.12 In the limit as S → ∞, the
ΣMD reduces simply to the difference in total cross section between the two theories. The
natural continuum notion of Eq. (6.2) can be used whenever such an analysis is analytically
tractable.
The ΣMD from a theory to itself is zero in the continuum limit or with infinite data.
Further, two theories that differ in their Lagrangians yet give rise to identical scattering cross
sections for all energy flows will have a ΣMD of zero. This includes, for instance, theories that
are equivalent up to field redefinitions [159] or rearrangements of the asymptotic states [160–
162]. Finally, if two theories have any observable differences in energy flow, then the ΣMD
between them will be non-zero. Note that the ΣMD inherits the flavor and charge insensitivity
of the EMD, but it is interesting to consider extending the ΣMD to account for additional
quantum numbers that particles may carry.
6.2 Jet quenching via quantile matching
Quantile matching [64] is an analysis strategy to study the modification of jets as they traverse
the quark-gluon plasma in heavy-ion collisions. We now show that, surprisingly, this technique
can be cast naturally in a ΣMD formulation. The optimal “theory moving” transport between
two otherwise-equivalent datasets provides a proxy for the jet modification by the quark-gluon
plasma.
Intuitively, the idea is to select a set of statistically equivalent jets from both proton-
proton (pp) collisions and heavy-ion (AA) collisions. This gives a snapshot of jets and
their energies before and after modification by the quark-gluon plasma, respectively. Such
a selection can be achieved by selecting jets with the same upper cumulative effective cross
section, after appropriately normalizing the AA cross section to account for the average
number of nucleon-nucleon collisions.
With such a selection, a quantile matching can be used to specify pquantT for a given
heavy-ion jet with reconstructed transverse momentum pAAT :
Σeffpp(p
quant
T ) ≡ ΣeffAA(pAAT ), (6.4)
where pquantT gives a proxy for the jet pT prior to modification by the quark-gluon plasma.
The ratio between the heavy-ion and proton-proton jet transverse momentum in the same
quantile then gives a physically-motivated quantification of the medium jet modification.
QAA(p
quant
T ) =
pAAT
pquantT
. (6.5)
We now turn to explaining the intriguing connection between this quantile matching
procedure and the ΣMD through optimal transport. We use transverse momenta in place
of energies and take R → ∞ in Eq. (1.2), where the EMD becomes simply the difference in
12The analogous discussion to footnote 1 holds for γ > 1.
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jet transverse momenta. Further, we set γ = 1 and S = 1 in Eq. (6.2) and note that the
normalization of the cross sections makes the second term in that equation vanish.
The theory moving problem now becomes a simple one-dimensional optimal transport
problem of moving the pp jet pT distribution to the AA jet pT distribution. Remarkably, this
is mathematically equivalent to quantile matching. We use the notation TM to represent the
optimal theory movement F∗ in the ΣMD. Letting TAA be the set of heavy-ion jets and Tpp
be the set of proton-proton jets, we have that:
pquantT = TM (TAA, Tpp) [pAAT ], (6.6)
where we can define this formally using a “ghost” heavy-ion jet with transverse momentum
pAAT and infinitesimal cross section σ ∼ 0.
Quantile matching can therefore be seen as a matching induced by the optimal theory
movement between the heavy-ion and proton-proton jets. In this sense, it operationally
defines the modification by the quark-gluon plasma in terms of the theory-movement of the
jet transverse momentum spectrum. It would be interesting to follow this connection further
and explore this procedure using the full EMD beyond the R→∞ limit to study the medium
modification as a function of the jet substructure.
6.3 Event clustering and coresets
One of the essential unsupervised methods for probing a dataset is to analyze its complexity.
A method to do this for collider physics datasets is that of k-eventiness, recently introduced
in Ref. [25]. Here, one seeks to find k representative events that minimize the EMD from
each event in the dataset to the nearest representative event:
V(γ)k = minK1,...,Kk
N∑
i=1
σi min{EMD(Ei,K1)γ ,EMD(Ei,K2)γ , . . . ,EMD(Ei,Kk)γ}, (6.7)
where we have dropped the β and R subscripts on EMD for compactness. The value of Vk
probes how well the dataset is approximated by the k events. This gives rise to the notion
of Vk as the “k-eventiness” of the dataset, in analogy with N -(sub)jettiness, where smaller
values of Vk indicate better approximations.
From a geometric perspective, Vk is the smallest ΣMD to the manifold of k-event datasets.
Analogous to Eq. (3.2), we can introduce the S →∞ version of the ΣMD:
ΣMDγ(T , T ′) = lim
S→∞
Sγ ΣMDγ,S(T , T ′), (6.8)
which yields an infinite distances between theories of different total cross sections. Following
the identical logic to Secs. 3.1.4 and 3.2.2, we have:
V(γ)k = min|T ′|=kΣMDγ(T , T
′). (6.9)
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Here, we use the |·| notation to count the number of events in T ′. Just like forN -(sub)jettiness,
different values of γ highlight different aspects of theory space geometry.
Following the logic in Sec. 4.1 of lifting the N -jettiness observable into the XCone jet
algorithm, we can lift k-eventiness into an event clustering algorithm. The representative
events K (i.e. the point of closest approach on the k-event manifold), has the interpretation
of the “k-geometric-medians” for γ = 1 or “k-means” for γ = 2. For practical applications,
it is often convenient to restrict the representative events to be within the dataset T , i.e.
the “k-medoids”, giving only an approximate value of Vk. While the full problem of finding
the representative jets may be computationally intractable, fast approximations to find the
medoids exist and have been explored in Ref. [25].
Inspired by Sec. 4.2, one might consider implementing sequential clustering algorithms by
iterating ΣMD computations to approximate M events with M −1 events and so forth. Such
a clustering may be helpful for rigorous data compression of large collider datasets or, if im-
plemented efficiently, for tasks such as triggering. These ideas are closely related to the notion
of finding a coreset (see Ref. [163] for a recent review), for which techniques from quantum
information and quantum computation may also find use [164]. Additionally, Ref. [165] uses
the Wasserstein metric to construct “measure coresets” that take into account the underlying
data distribution and which may prove useful for high-energy physics applications. We leave
further exploration of theory geometry and theory space algorithms to future work.
7 Conclusions
In this paper, we have explored the metric space of collider events from a theoretical per-
spective. Beginning from the EMD between final states, namely the “work” required to
rearrange one into another, we have cast a multitude of diverse collider algorithms and analysis
techniques in a geometric language. First, we connected this metric to the fundamental notion
of IRC safety in massless quantum field theories, with the EMD providing a sharp language
to define IRC safety and even Sudakov safety. We extended this connection by highlighting
that a wide variety of collider observables, including thrust and N -jettiness, can be cast
as distances between events and manifolds in this space. Further, we demonstrated that
many jet clustering algorithms, such as exclusive cone finding and sequential clustering, can
be exactly derived in full detail from the simple principle that jets are the best N -particle
approximation to the event. Even pileup mitigation techniques developed to face the LHC-era
challenge of high luminosity running can be cast in the language of subtracting a uniform
radiation pattern, connecting this field to semidiscrete unbalanced optimal transport. Finally,
we generalized our reasoning to define a distance between “theories” as sets of events with
cross sections, proving a new lens to understand several existing techniques and a roadmap
for future developments in the geometry of theory space.
From the perspective of massless quantum field theories, our metric space of events is
the natural space for understanding observables, as the only truly observable quantities are
IRC safe. More speculatively, it would be interesting to circumvent the (unphysical) particle-
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level stage of calculations and make theoretical predictions directly in the space of events.
Understanding and expanding in this direction would require natural notions of volume and
integration in this space, perhaps aided by recent developments in Wasserstein spaces [166–
169], though we leave this fascinating exploration to future work. Nonetheless, it has already
been established that the energy flows themselves obey factorization theorems in effective field
theory contexts [170], and give rise to rich behavior in correlators [5, 171–173]. Going directly
from first principles and symmetries to observables (i.e. energy flows, not particles) suggests
a natural extension to the philosophy driving the present scattering amplitudes program (see
Refs. [159, 174, 175] for reviews). It is also interesting to extend this logic to massive quantum
field theories where observable quantities can depend on flavor and charge. One promising
strategy is to treat events as collections of objects (jets, electrons, muons, etc.) and to use a
ground distance that penalizes converting one type of object into another [176]. Alternatively,
it may be possible to find an EMD variant that mimics the flavor-sensitive clustering behavior
of Ref. [177].
It is also useful to discuss these developments in the broader context of machine learning
and the physical sciences [122, 178, 179]. Typically, problems in the natural sciences can
be cast as machine learning problems such as classification and regression, whereby the
relevant tools from machine learning can be applied to achieve improved performance on
those tasks. It is far rarer for machine learning to enhance our theoretical or conceptual
understanding of physics directly. This story provides an interesting case where new insights
and questions exposed by machine learning have impacted purely theoretical and phenomeno-
logical collider physics. The question of when two collider events are similar, for which
the EMD was introduced, was originally motivated by unsupervised learning methods and
autoencoders [180–183], which require a distance matrix or reconstruction loss. By providing
an answer to this simple question, which itself involved familiar machine learning tools such
as optimal transport, we uncovered a new mathematical formalism to better understand and
express concepts in quantum field theory and collider physics. We hope that this will be just
one example of many future profound insights into the natural sciences facilitated by this
perspective.
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A Energy moving with massive particles
In this appendix, we briefly explore an alternative definition of energy flow appropriate for
massive particles, with a corresponding change in the measures used to define the EMD. The
energy flow in Eq. (1.1) treats events as sets of particles that have energy-like weights {Ei}
and geometric directions {nˆi}. The EMD in Eq. (1.2) is based on pairwise distances {θij} that
are only functions of the nˆi and nˆj directions. The exact definitions of Ei, nˆi, and θij may
vary depending on the collider context and other choices. For massless final-state particles
in e+e− collisions, it is typical to take the energy E to be equal to the total momentum |~p |,
and the geometric direction nˆ to be equal to the unit vector ~p/E. For massless particles in
hadronic collisions, it is natural to use transverse momentum pT and a geometric direction
based on azimuth φ and pseudorapidity η.
It is straightforward to adapt the energy flow to massive particles (see related discussion
in Ref. [13]). For the energy measure, the natural choices are energy in the e+e− case and
transverse energy in the hadronic case:
Ei =
√
|~pi|2 +m2i , ET i =
√
p2T i +m
2
i . (A.1)
Both of these reduce nicely to the expected expressions in the mi → 0 limit. For the geometric
direction, the natural choices are velocity and transverse velocity, written in four-vector
notation:
nµi =
pµi
Ei
= (1, ~v)µ, nµTi =
pµi
ET i
= (cosh yi, ~vT i, sinh yi)
µ, (A.2)
where ~v = ~pi/Ei is the particle three-velocity, ~vT i = ~pT i/ET i is the particle transverse two-
velocity, and yi is the particle rapidity. Again, these have the expected behavior in the mi → 0
limit, and for finite mass, the velocities are bounded as |~v| ∈ [0, 1] and |~vT | ∈ [0, 1].
To define the EMD, we choose the following pairwise angular distance:
θij =
√
−(nµi − nµj )2, (A.3)
where one replaces nµ with nµT in the hadronic case. The first minus sign is needed because
the difference between two time-like vectors with n2 ∈ [0, 1] is space-like. This expression
reduces to the usual expression θij =
√
2nµi njµ in the massless limit.
To gain intuition for this geometric distance between massive particles, it is instructive
to expand out Eq. (A.3) in the e+e− case:
θij =
√
(~vi − ~vj)2 =
√
v2i + v
2
j − 2 vi vj cos Ωij , (A.4)
where Ωij = arccos nˆi · nˆj is the purely geometric angle between particles i and j. We
see that the velocity magnitude v = |~v| acts as a radial coordinate on the sphere, and the
pairwise distances θij are just the Euclidean distances between two points in the unit ball,
with distances vi and vj from the origin and angle Ωij between them. Massless particles live
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v = 0
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Figure 11: The space of (massive) particle kinematics, with pairwise distances corresponding
to Euclidean distances in this space. Massless particles with v = 1 live on the boundary and
particles at rest with v = 0 are at the origin. One can interpret this figure as a snapshot of
the event taken at a time t after the collision, when the particles have traveled a distance vt.
entirely on the boundary with v = 1 and massive particles live inside the ball with 0 ≤ v < 1.
An illustration of this massive particle phase space is shown in Fig. 11.
The use of this massive distance measure has an interesting interplay with some of
the studies in the body of the paper. For example, the analysis of thrust in Sec. 3.1.1
involved finding the EMD to the manifold of back-to-back massless particle configurations of
potentially unequal energy. Using the massive particle distance, one could consider finding the
EMD to the manifold of all possible two-particle configurations, including massive particles.
For β = 2, this is equivalent to partitioning the event into two halves with masses MA and
MB and corresponding energies EA and EB, and minimizing the quantity M
2
A/EA+M
2
B/EB.
A nice feature of this approach is that the optimal two particle configuration has the same
energies and velocities as one would get from clustering the particles in each half. Note that
this approach is closely related to (but not identical to) the original definition of heavy jet
mass in Ref. [67] based on minimizing M21 +M
2
2 .
The idea of optimizing jet regions based on M2/E also appears in the jet maximization
approach [132]. In fact, using the massive distance measure in Eq. (4.2) with β = 2 and
N = 1, and repeating the logic in Ref. [128], we recover precisely the algorithm in Ref. [132],
where the parameter R controls the size of the resulting jet region. The EMD approach yields
a natural way to extend the jet maximization algorithm to N > 1, and also allows for an
alternative definition of N -jettiness from Eq. (3.16) based on time-like axes.
As another example, the analysis of recombination schemes in Sec. 4.2 involved minimiz-
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ing the transportation cost to merge two particles into one. For β = 2, this was equivalent to
the E-scheme, namely κ = 1 in Eq. (4.4), up to the subtlety noted in footnote 9. Using the
massive particle distance, the merged particle in the E-scheme has the energy and direction:
Ec = Ei + Ej , n
µ
c =
Ein
µ
i + Ejn
µ
j
Ei + Ej
, (A.5)
where appropriate T subscripts should be included in the hadronic case. The combined
four-vector is
pµc = Ecn
µ
c = p
µ
i + p
µ
j , (A.6)
which is a valid expression in both the e+e− and hadronic cases. Thus, the combined four-
vector is just the sum of the two particles, which is indeed the desired E-scheme behavior.
Note, however, that the interpretation of the jet radius is very different if one uses the massive
particle distance, since clustering happens in velocity space. We leave further studies of the
massive particle distance to future work.
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